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Rigorous demonstration of pair-density-wave superconductivity in the o,-Hubbard model
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Describing and achieving “unconventional” superconductivity remains a forefront challenge in quantum
many-body physics. Here, we use a unitary mapping, combined with the well-established properties of the
attractive Hubbard model, to demonstrate rigorously a Hamiltonian with a low-temperature pair-density-wave
(PDW) phase. We also show that the same mapping, when applied to the widely accepted properties of the
repulsive Hubbard model, leads to a Hamiltonian exhibiting triplet d-wave PDW superconductivity and an
unusual combination of ferro- and antiferromagnetic spin correlations. We then demonstrate the persistence
of the d-wave PDW in a Hamiltonian derived from the mapping of the extended 7-J model in the large-U limit.
Furthermore, through strategic manipulation of the nearest-neighbor hopping signs of spin-down electrons, we
illustrate the attainability of PDW superconductivity at other momenta. The intertwining of different magnetic
and exotic pairing correlations noted here may have connections to experimental observations in spin-triplet

candidates such as UTe,.
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I. INTRODUCTION

Conventional BCS superconductivity describes the pairing
of a singlet (s-wave) pair of fermions with zero momentum,
that is, a nonzero expectation value of the off-diagonal order
parameter Ag(k) =c_, Cpp- This low-temperature phase is
typically achieved through an effective retarded attractive in-
teraction mediated by electron-phonon coupling. Shortly after
BCS theory, the possibility of nonzero momentum pairs was
noted by Fulde and Ferrell [1], and by Larkin and Ovchin-
nikov [2] (FFLO). Achieving such “FFLO” pairing proved
very challenging but has been reported in heavy fermion sys-
tems such as CeColns [3,4], and in ultracold atoms [5-7].

Other “unconventional” superconductors include those in
which the Cooper wave function exhibits more complex
patterns in real space, such as the nodes in the d-wave
symmetry pairs of the cuprate materials [8—10], triplet super-
conductors which have nonzero total spin [11], pair density
waves [12] in which the order parameter varies spatially with
vanishing spatial average, and n pairs which are exact (high-
energy) eigenstates of the Hubbard Hamiltonian exhibiting
off-diagonal long-range order [13-15], etc.
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Some of the unconventional superconductors noted above
are (easily) achieved experimentally; others are less so. A
key question for theory is what Hamiltonians give rise to the
different types of “exotic” pairing. For example, in the case of
the cuprates, the sufficiency of the repulsive Hubbard model
continues to be debated [16,17]. As for a pair-density-wave
(PDW) phase, obtaining a stable one in two dimensions is
an even greater challenge [18-39]. In this paper, we present
a pathway towards realizing PDW superconductivity in the
o,-Hubbard model. Our key observation is that a unitary trans-
formation, combined with known results of the conventional
Hubbard model, allows us to identify Hamiltonians which rig-
orously must exhibit low-temperature unconventional PDW
superconductivity.

II. THE HUBBARD MODEL
We begin with the celebrated Hubbard model

H=—t Z(C;Cja + C;(rcio) K Z(”n +n)
(ij)o i

1 1
wEe Y o

which describes spin ¢ =7, | fermions hopping on a lat-
tice and interacting with an on-site interaction U. When
the interaction is attractive (U < 0) the phase diagram on a
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square lattice is well understood qualitatively and quantita-
tively [40—42]: At half filling (.« = 0) the ground state exhibits
simultaneous long-range charge-density-wave (CDW) and s-
wave superconducting (SC) orders. When doped (u # 0)
the SC-CDW degeneracy is broken, and there is a finite-
temperature (Kosterlitz-Thouless) transition to a SC phase.
This description has been confirmed by quantum Monte Carlo
(QMC) calculations which, owing to the absence of a sign
problem, can be carried out to arbitrarily low temperatures.

A full understanding of the repulsive model with a large
U > 0 is more elusive. At half filling there is long-range
antiferromagnetic (AFM) order which occurs only at 7 = 0
on a square lattice owing to the continuous Heisenberg spin
symmetry and the Mermin-Wagner theorem [43]. However,
when doped, QMC fails to reach low T because of the
sign problem. A d-wave SC phase, with intricate “striped”
charge and spin patterns, is suggested by many calculations
[sometimes with the addition of further next-nearest-neighbor
(NNN) hopping], but the final determination of the various
orders remains under discussion [44-53].

Before introducing the main results of this work, it is useful
to review the well-known (partial) particle-hole transforma-
tion ¢;| — (= 1)kt cL which links the descriptions of the
properties of the attractive and repulsive cases. Here, (—1)"*
indicates opposite phases on the two sublattices of the (bi-
partite) square lattice. Under this transformation, the kinetic
energy remains unchanged. The down-spin density ;) <> 1 —

n;, and, as a consequence the sign of U is reversed, mapping
attraction to repulsion and vice versa. The roles of charge
and spin operators are interchanged n;, +n; < n, —n,,
so that the chemical potential © and Zeeman B, terms map
into one another (to within an irrelevant energy shift) and
correlations of the Z component of the spin map onto density
correlations. Finally, the XY spin operators map onto s-wave
pairing c;rTcl. L C;Tc;i'

With those mappings in place, the connections between
the attractive and repulsive Hubbard models become clear.
The fact that the square lattice repulsive Hubbard model has
degenerate Z and XY spin order in its ground state and half
filling immediately implies the degenerate CDW and SC pat-
terns in the attractive case. Likewise, the fact that a Zeeman
field B, causes AFM Heisenberg spins to “lie down” and order
in the XY plane perpendicular to the field is then connected
to the preference for SC correlations over CDW ones in the
attractive Hubbard model for u nonzero. We will now show
how an alternate canonical transformation lends similar in-
sight into exotic superconductivity.

III. ATTRACTIVE 0,-HUBBARD MODEL

We then apply the unitary transformation, ¢;, — sgn(i)c;,,
to the attractive Hubbard model, resulting in the o -Hubbard
model defined by the Hamiltonian [54-56],

Hy = —t Z Zc;az"‘ﬂcjﬂ - Zni“
i,a

(ij) ap

1 1
+U2(ni¢—§><nl¢—§>, (2)

FIG. 1. (a) A schematic view of the extended o,-Hubbard model
on a square lattice, where #; (—#;) is the NN hopping parameter of
the spin-up (spin-down) fermion, #, represents the NNN hopping
amplitude, and U is the on-site Hubbard interaction. Up and down
arrows correspond to spin-up and spin-down electrons, respectively.
(b) Band structures of the noninteracting terms in Eq. (1) with#, =0
(dotted line) and 7, = 0.25 (solid line). The inset displays the first
Brillouin zone, on which the high-symmetry points are marked.

where o, represents the Z component of the Pauli matrix,
resulting in opposite signs in the hopping amplitudes for the
spin-up and spin-down subsystems [see Fig. 1(a)]. In the fol-
lowing, we begin with the o,-Hubbard model and investigate
its physical properties. It is clear that the Hamiltonian in
Eq. (2) is invariant under the usual translation transformation.

The phase diagram of the attractive Hubbard model can
be transformed back to derive that of the attractive o-
Hubbard model. It is observed that while the CDW remains
unaffected, the s-wave SC phase is altered. Specifically,
the on-site pairing transforms back as A; =cjjcjp = A; =
sgn(j)c; cjy. Therefore, the pairing remains on site but with
an alternating sign, indicating that the system displays s-wave
PDW superconductivity. The pairing function can be writ-
ten as AT = ﬁ > (=Diticlel = ﬁ Ykl k, with
Ky = (&, £). Therefore a PDW state, in which an electron
at momentum k pairs up with another at momentum —k + Ko,
resulting in a Cooper pair carrying net momentum Ky, must
rigorously be the low-temperature phase of the attractive o,-
Hubbard model.

It has been well established that the Fermi-surface topology
plays a crucial role in Cooper pair formation. To investigate
the origin of PDW in the o,-Hubbard model, we plot the
noninteracting Fermi surface in Fig. 2(a). In contrast to the
normal spin-independent hopping scenario where the Fermi
surface is spin degenerate, the o, hopping term generates a
spin-dependent Fermi surface. Since the dispersion of the two
spin species satisfies the condition &; = &, _k4K,, the spin-
up and spin-down Fermi surfaces are of identical shape and
are centered around the I' and K points, respectively. The
above relation also indicates perfect nesting in the particle-
particle channel with the center-of-mass momentum Kj.
Hence, in the presence of an on-site attractive interaction, a
PDW order with modulation wave vector K, will develop.

IV. REPULSIVE 0,-HUBBARD MODEL

We next consider the repulsive case, U > 0. Introducing a
NNN hopping term #, into the Hamiltonian in Eq. (2), the total
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FIG. 2. (a) Fermi surfaces of the spin-up and spin-down electrons
at © = —0.3, in which a pair of electrons with different spins on
the nested Fermi surface is demonstrated. The Fermi surfaces are
C, symmetric, therefore only the left (right) half of them are shown
fort, = 0 (t, = 0.25). (b) A schematic view of the s-wave PDW with
center-of-mass momentum (77, 77 ) in the attractive o,-Hubbard model
on a square lattice.

Hamiltonian becomes

H=—n ZZCLO’;CﬁCjﬁ + b Z f‘;géja

(ij) op ((ij))a
+UD DY - 1) - > a3
: it ) il ) M " ias

where ((ij)) denotes next-nearest neighbors, and #, is the
NNN hopping amplitude. Under the same unitary transforma-
tion in the previous section, the above extended o,-Hubbard
model transforms into a normal extended one. The inclusion
of the NNN hopping term is essential at large U as it may play
a key role in generating long-range SC correlation and estab-
lishing a delicate balance between CDW, spin density wave,
and superconductivity [48,53,57,58]. Recent comprehensive
density matrix renormalization group (DMRG) studies have
revealed the intertwined CDW and SC correlations on four-leg
systems [47-49], as well as an emergent d-wave SC phase on
wider systems with a moderate , > 0 [53].

The magnetic order can be characterized by the spin
correlation functions defined as C%(ij) = (Sij) = ((njy —
niy)(njy —n;y)) and C¥(ij) = (S;FS;) = (c;cwcﬁcn). Un-
der the transformation, C*(ij) will change its sign when
i and j belong to different sublattices, whereas C*(ij) will
remain unchanged. The magnetic properties of the normal
extended Hubbard model [connected to Eq. (3) through
the unitary transformation] have been well established at
half filling, exhibiting an AFM ground state [16,17,46,59].
Consequently, the Hamiltonian in Eq. (3) will exhibit uncon-
ventional long-range magnetic order, which is ferromagnetic
(antiferromagnetic) in the XY plane (Z direction).

Similarly, in diagnosing the SC order, if the pair correlation
function involves the spin-singlet pair annihilation operator
A(ij) = \/%(CiTCji — ¢jyCjy), itis straightforward to infer that
the transformation will convert the spin-singlet pair opera-
torto A(ij) = :I:%(cmcji + ¢jy cj4) for the nearest-neighbor
(NN) pairing (as is the case for the most-studied d-wave in the
normal repulsive Hubbard model), where + (—) corresponds

to the negative sign of the transformation situated on site
i (j). Then, the NN pairings cijpcj, and cjrc;y, which are
equivalent in the spin-singlet scenario, will exhibit a sign
difference under the unitary transformation, giving rise to a
spin-triplet state. Therefore, the additional symbol £ will not
only produce a net momentum Ky for the d-wave pairs but
also alter the nature of the pairing, leading to the emergence
of a d-wave PDW triplet superconductor with a center of mass
momentum Ky [60].

The various types of correlations mentioned above can be
transformed back by the gauge transformation and are used
to characterize the ground-state properties of the extended
o,-Hubbard model. While the charge density correlations and
spin-z correlations remain unchanged, the SC correlations
transform into those of spin-triplet d-wave pairings at momen-
tum Ko, and the transverse spin correlation transitions to be
ferromagnetic (FM). Therefore, considering that spin-singlet
d-wave superconductivity dominates in the doped normal
extended Hubbard model [48,49,52,53], it is reasonable to
suggest that the extended o,-Hubbard model may support a
spin-triplet d-wave PDW SC ground state with the center-of-
mass momentum K. It is noted that the conversion of the
pairing symmetry is accompanied by changes in the transverse
magnetic property, i.e., from AFM to FM corresponding to the
shift from singlet to triplet pairings. This may imply the signif-
icant role of FM spin fluctuations in mediating the formation
of spin-triplet pairs of electrons.

To confirm the existence of the d-wave triplet SC at mo-
mentum Ky in the extended o,-Hubbard model given by
Eq. (3), we conduct determinantal quantum Monte Carlo
(DQMC) calculations of the d-wave pairing susceptibility at
momentum K, defined as follows [61],

1 [f d % ;o Ko () —17)
Pd:ﬁ/o dr;(Ai(r)Aj (0))e™otrs =)

where A{(t) =3, fe™circjie”™ represents the time-
dependent pairing operator with a form factor fl‘j =11
for the bond in the X (Y') direction between sites i and j. The
interaction vertex I'; can be extracted from P; and the un-
correlated susceptibility P, as follows: I'y = P—ld — P-—ld [62,63].

—4— d-wave PDW ]
Dp-wave ]

—1— Dy-wave -

oo b b b b
0.5 1.0 1.5 2.0
T/t

FIG. 3. (a) A schematic demonstration of the d-wave PDW
with center-of-mass momentum (77, ) in the extended repulsive
o.-Hubbard model on a square lattice. (b) The measured I', P, of
the pairing instability as a function of temperature for various par-
ing symmetries at a filling of p = 0.95. The parameters used are
t'/t = 0.25 and U/t = 4, with a lattice size of L = 8.
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When I'yP; < 0, the corresponding pairing interaction is at-
tractive. As I'yP; — —1, P; tends to diverge, indicating a
SC instability. Figure 3(b) illustrates the product I'yP,; for
the d-wave pairing susceptibility at momentum Ky. As the
temperature decreases, we find I';P; is the most negative,
suggesting this pairing will dominate the SC instability. For
comparison, we also calculate I', P, for the p-wave triplet at
zero momentum, which is less dominant.

V. THE LARGE-U LIMIT

In the large-U limit, the double occupancy on a lattice site
is excluded, and the extended o,-Hubbard model is reduced to
an extended o,-¢-J-like Hamiltonian [64],

H=—n) Y choleptn ) &he

(ij) ap (i)

' 1
_ Z |:J1 (Sij + Sin;) — JleSj +J|Zﬁiﬁji|
(ij)

+ZJ2<Si'Sj_ %ﬁiﬁj)v 4)
(P

where the exchange coupling is Ji2) = 4’5‘2’ with the ratio
L) = t22/t12. Here, the FM nature of the XY component
of the NN Heisenberg term J; aligns with the magnetic
properties observed in Eq. (3). Under the transformation,
the above Hamiltonian becomes the normal extended ¢-J
model, on which recent DMRG calculations have been con-
ducted for six- and eight-leg cylinders, uncovering a robust
d-wave SC phase in the case of electron doping (¢, > 0)
[65-70]. It has been demonstrated that the SC phase ex-
hibits a power-law pairing correlation that decays much
slower than the charge density and spin correlations. Further-
more, it is found that spin-singlet d-wave superconductivity
can also emerge at the hole-doped side (; < 0) near the
optimal 1/8 doping level on the wider eight-leg system
[69,70]. Correspondingly, it is reasonable to propose that
the o,-t-J-like model in Eq. (4) could potentially give rise
to a d-wave PDW triplet superconductor with a center-of-
mass momentum K, within the proper parameter region
of the normal extended #-J model, where the SC phase is
observed [65-73].

VI. THE (&, 0) PDW SUPERCONDUCTIVITY

The PDW SC ground state with a different center-of-mass
momentum can be achieved by appropriately manipulating the
NN hopping signs of the spin-down electrons. In the case of
(7r, 0), we can select the NN hoppings as follows,

Hz0) = —t Zc;aﬁfﬂciﬂﬁ —t Z ¢l Ciigor ©)
i,ap i,0

where an additional sign is present when the spin-down elec-
trons hop in the x direction. This additional sign can be
eliminated by the following unitary transformation:

ciyp — (=Dieyy. (6)

@' "
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FIG. 4. (a) Band structures of the noninteracting Hamiltonian in
Eq. (5). (b) Fermi surfaces of the spin-up and spin-down electrons
at filling p = 0.95, in which the nesting of the Fermi surface is
illustrated. Schematic views of the s-wave (c) and extended s-wave
(d) PDWs with center-of-mass momentum (77, 0) in the modified
o,-Hubbard model on a square lattice.

Through a similar analysis, the corresponding attractive
Hubbard model supports a s-wave PDW state with a center-
of-mass momentum of (;r,0). Similarly, the dispersion of
the two spins has the relation &; x =&, _11k, with Ky =
(r,0) and their Fermi surfaces are again nested in the
particle-particle channel with center-of-mass momentum K
[see Fig. 4(b)]. By substituting the NN hopping term with
the one in Eq. (5) in the Hamiltonian Eq. (3), the modi-
fied repulsive Hubbard model exhibits an extended s-wave
PDW state with a center-of-mass momentum of (7, 0). The
pairings in the X direction transition to triplet, accompanied
by FM spin correlations in the X component along this di-
rection. These results extend to the corresponding model in
the large-U limit, which deviates from Eq. (4) in the NN
hoppings [replaced by Eq. (5)] and NN exchange couplings
(FM for the X component along the X direction). Finally,
by rotating the Hamiltonian by 90°, PDW superconductiv-
ity with a center-of-mass momentum (0, ) can also be
realized.

VII. CONCLUSIONS

We explicitly demonstrate the presence of PDW supercon-
ductivity in the o,-Hubbard model and its related extensions,
such as incorporating long-range hoppings and the large-
U limit. These modified Hubbard or 7-J models can be
transformed into normal ones through unitary transforma-
tions, where their physical properties have been thoroughly
established. The attractive o,-Hubbard model supports an s-
wave PDW phase, whereas the repulsive extended o,-Hubbard
model features a d-wave PDW state. Both PDW phases pos-
sess a center-of-mass momentum at (7, 7). Specifically, the
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d-wave PDW at momentum (i, ) is a triplet, correspond-
ing to which the spin correlations in the XY component are
ferromagnetic. The d-wave PDW persists in the extended
o,-t-J-like model derived from the extended o,-Hubbard
model in the large-U limit. Finally, we discover that a PDW
superconductivity at momentum (77, 0) can also be achieved
by appropriately manipulating the NN hopping signs of the
spin-down electrons. Our study provides a microscopic mech-
anism for the PDW superconductivity, and will deepen the
understanding of this exotic SC state [74-79]. Specifically,
while recent experiments have identified UTe, as a candi-
date for a spin-triplet PDW state near an FM instability
[78], the AFM fluctuations detected by inelastic neutron scat-
tering seem highly unusual [79]. Nonetheless, the d-wave
PDW at momentum (v, 7) mentioned here inherently ex-
hibits a coexistence of these intertwined orders. Therefore,
the o,-Hubbard model proposed here may have a connec-
tion to such quantum materials, a topic we leave for further
study.

ACKNOWLEDGMENTS

The authors thank F. Yang and M. Franz for helpful
discussions. X.Z. acknowledges support from the Natural
Science Foundation of Jiangsu Province under Grant No.
BK20230907 and the NSFC Grant No. 12304177. J.S. and
H.G. acknowledge support from NSFC Grants No. 11774019
and No. 12074022. S.F. is supported by the National Key
Research and Development Program of China under Grants
No. 2023YFA1406500 and No. 2021 YFA 1401803, and NSFC
under Grant No. 12274036. S.S.G. is supported by the NSFC
Grant No. 12274014, the Special Project in Key Areas for
Universities in Guangdong Province (No. 2023ZDZX3054),
and the Dongguan Key Laboratory of Artificial Intelligence
Design for Advanced Materials (DKL-AIDAM). W.H. is
supported by NSFC under Grants No. 11904155 and No.
12374042. R.T.S. is supported by Grant No. DOE DE-
SC0014671 funded by the U.S. Department of Energy, Office
of Science.

[1] P. Fulde and R. A. Ferrell, Phys. Rev. 135, A550 (1964).
[2] A. L. Larkin and Y. N. Ovchinnikov, Sov. Phys. JETP 20, 762
(1965).
[3] A. Bianchi, R. Movshovich, C. Capan, P. G. Pagliuso, and J. L.
Sarrao, Phys. Rev. Lett. 91, 187004 (2003).
[4] Y. Matsuda and H. Shimahara, J. Phys. Soc. Jpn. 76, 051005
(2007).
[5] G. B. Partridge, W. Li, R. I. Kamar, Y.-a. Liao, and R. G. Hulet,
Science 311, 503 (2006).
[6] M. M. Parish, S. K. Baur, E. J. Mueller, and D. A. Huse, Phys.
Rev. Lett. 99, 250403 (2007).
[7]1 J. J. Kinnunen, J. E. Baarsma, J.-P. Martikainen, and P. Torm4,
Rep. Prog. Phys. 81, 046401 (2018).
[8] C. C. Tsuei and J. R. Kirtley, Rev. Mod. Phys. 72, 969 (2000).
[9] A. Damascelli, Z. Hussain, and Z.-X. Shen, Rev. Mod. Phys.
75, 473 (2003).
[10] P. A. Lee, N. Nagaosa, and X.-G. Wen, Rev. Mod. Phys. 78, 17
(20006).
[11] A.P. Mackenzie and Y. Maeno, Rev. Mod. Phys. 75, 657 (2003).
[12] D. E. Agterberg, J. S. Davis, S. D. Edkins, E. Fradkin, D. J. Van
Harlingen, S. A. Kivelson, P. A. Lee, L. Radzihovsky, J. M.
Tranquada, and Y. Wang, Annu. Rev. Condens. Matter Phys.
11, 231 (2020).
[13] C. N. Yang, Phys. Rev. Lett. 63, 2144 (1989).
[14] R. R. P. Singh and R. T. Scalettar, Phys. Rev. Lett. 66, 3203
(1991).
[15] C. N. Yang and S. Zhang, Mod. Phys. Lett. B 04, 759 (1990).
[16] D.P. Arovas, E. Berg, S. A. Kivelson, and S. Raghu, Annu. Rev.
Condens. Matter Phys. 13, 239 (2022).
[17] M. Qin, T. Schifer, S. Andergassen, P. Corboz, and E. Gull,
Annu. Rev. Condens. Matter Phys. 13, 275 (2022).
[18] A. Himeda, T. Kato, and M. Ogata, Phys. Rev. Lett. 88, 117001
(2002).
[19] P. Corboz, T. M. Rice, and M. Troyer, Phys. Rev. Lett. 113,
046402 (2014).
[20] E. W. Huang, W. O. Wang, J. K. Ding, T. Liu, F. Liu, X.-X.
Huang, B. Moritz, and T. P. Devereaux, J. Phys. Soc. Jpn. 90,
111010 (2021).

[21] F. Loder, A. P. Kampf, and T. Kopp, Phys. Rev. B 81, 020511(R)
(2010).

[22] P. A. Lee, Phys. Rev. X 4, 031017 (2014).

[23] E. Berg, E. Fradkin, S. A. Kivelson, and J. M. Tranquada, New
J. Phys. 11, 115004 (2009).

[24] J. Wardh and M. Granath, Phys. Rev. B 96, 224503 (2017).

[25] C. Setty, J. Zhao, L. Fanfarillo, E. W. Huang, P. J. Hirschfeld,
P. W. Phillips, and K. Yang, Phys. Rev. B 108, 174506 (2023).

[26] Y.-M. Wu, P. A. Nosov, A. A. Patel, and S. Raghu, Phys. Rev.
Lett. 130, 026001 (2023).

[27] Y.-F. Jiang and H. Yao, Phys. Rev. Lett. 133, 176501 (2024).

[28] F. Liu and Z. Han, Phys. Rev. B 109, L121101 (2024).

[29] Z. Han, S. A. Kivelson, and H. Yao, Phys. Rev. Lett. 125,
167001 (2020).

[30] J. Wang, W. Sun, H.-X. Wang, Z. Han, S. A. Kivelson, and H.
Yao, arXiv:2404.11950.

[31] D. Shaffer and L. H. Santos, Phys. Rev. B 108, 035135 (2023).

[32] D. Shaffer, F. J. Burnell, and R. M. Fernandes, Phys. Rev. B
107, 224516 (2023).

[33] Z. Wu, Y.-M. Wu, and F. Wu, Phys. Rev. B 107, 045122 (2023).

[34] P. Castro, D. Shaffer, Y.-M. Wu, and L. H. Santos, Phys. Rev.
Lett. 131, 026601 (2023).

[35] F. Liu, X.-X. Huang, E. W. Huang, B. Moritz, and T. P.
Devereaux, Phys. Rev. Lett. 133, 156503 (2024).

[36] N. S. Ticea, S. Raghu, and Y.-M. Wu, arXiv:2403.00156.

[37] FE. Chen and D. N. Sheng, Phys. Rev. B 108, L201110 (2023).

[38] A. M. Tsvelik, Phys. Rev. B 108, 115129 (2023).

[39] Y.-M. Wu, R. Thomale, and S. Raghu, Phys. Rev. B 108,
LO081117 (2023).

[40] A. Moreo and D. J. Scalapino, Phys. Rev. Lett. 66, 946 (1991).

[41] R. T. Scalettar, E. Y. Loh, J. E. Gubernatis, A. Moreo, S. R.
White, D. J. Scalapino, R. L. Sugar, and E. Dagotto, Phys. Rev.
Lett. 62, 1407 (1989).

[42] T. Paiva, R. R. dos Santos, R. T. Scalettar, and P. J. H.
Denteneer, Phys. Rev. B 69, 184501 (2004).

[43] N. D. Mermin and H. Wagner, Phys. Rev. Lett. 17, 1133 (1966).

[44] J. P. F. LeBlanc et al. (Simons Collaboration on the Many-
Electron Problem), Phys. Rev. X §, 041041 (2015).

045158-5


https://doi.org/10.1103/PhysRev.135.A550
https://doi.org/10.1103/PhysRevLett.91.187004
https://doi.org/10.1143/JPSJ.76.051005
https://doi.org/10.1126/science.1122876
https://doi.org/10.1103/PhysRevLett.99.250403
https://doi.org/10.1088/1361-6633/aaa4ad
https://doi.org/10.1103/RevModPhys.72.969
https://doi.org/10.1103/RevModPhys.75.473
https://doi.org/10.1103/RevModPhys.78.17
https://doi.org/10.1103/RevModPhys.75.657
https://doi.org/10.1146/annurev-conmatphys-031119-050711
https://doi.org/10.1103/PhysRevLett.63.2144
https://doi.org/10.1103/PhysRevLett.66.3203
https://doi.org/10.1142/S0217984990000933
https://doi.org/10.1146/annurev-conmatphys-031620-102024
https://doi.org/10.1146/annurev-conmatphys-090921-033948
https://doi.org/10.1103/PhysRevLett.88.117001
https://doi.org/10.1103/PhysRevLett.113.046402
https://doi.org/10.7566/JPSJ.90.111010
https://doi.org/10.1103/PhysRevB.81.020511
https://doi.org/10.1103/PhysRevX.4.031017
https://doi.org/10.1088/1367-2630/11/11/115004
https://doi.org/10.1103/PhysRevB.96.224503
https://doi.org/10.1103/PhysRevB.108.174506
https://doi.org/10.1103/PhysRevLett.130.026001
https://doi.org/10.1103/PhysRevLett.133.176501
https://doi.org/10.1103/PhysRevB.109.L121101
https://doi.org/10.1103/PhysRevLett.125.167001
https://arxiv.org/abs/2404.11950
https://doi.org/10.1103/PhysRevB.108.035135
https://doi.org/10.1103/PhysRevB.107.224516
https://doi.org/10.1103/PhysRevB.107.045122
https://doi.org/10.1103/PhysRevLett.131.026601
https://doi.org/10.1103/PhysRevLett.133.156503
https://arxiv.org/abs/2403.00156
https://doi.org/10.1103/PhysRevB.108.L201110
https://doi.org/10.1103/PhysRevB.108.115129
https://doi.org/10.1103/PhysRevB.108.L081117
https://doi.org/10.1103/PhysRevLett.66.946
https://doi.org/10.1103/PhysRevLett.62.1407
https://doi.org/10.1103/PhysRevB.69.184501
https://doi.org/10.1103/PhysRevLett.17.1133
https://doi.org/10.1103/PhysRevX.5.041041

XINGCHUAN ZHU et al.

PHYSICAL REVIEW B 111, 045158 (2025)

[45] E. W. Huang, C. B. Mendl, S. Liu, S. Johnston, H.-C. Jiang, B.
Moritz, and T. P. Devereaux, Science 358, 1161 (2017).

[46] B.-X. Zheng, C.-M. Chung, P. Corboz, G. Ehlers, M.-P. Qin,
R. M. Noack, H. Shi, S. R. White, S. Zhang, and G. K.-L. Chan,
Science 358, 1155 (2017).

[47] H.-C. Jiang and T. P. Devereaux, Science 365, 1424 (2019).

[48] Y.-F. Jiang, J. Zaanen, T. P. Devereaux, and H.-C. Jiang, Phys.
Rev. Res. 2, 033073 (2020).

[49] C.-M. Chung et al. (The Simons Collaboration on the Many-
Electron Problem), Phys. Rev. B 102, 041106(R) (2020).

[50] M. Qin et al. (Simons Collaboration on the Many-Electron
Problem), Phys. Rev. X 10, 031016 (2020).

[51] H. Xu, H. Shi, E. Vitali, M. Qin, and S. Zhang, Phys. Rev. Res.
4,013239 (2022).

[52] H. Xu, C.-M. Chung, M. Qin, U. Schollwéck, S. R. White, and
S. Zhang, Science 384, adh7691 (2024).

[53] Y.-F. Jiang, T. P. Devereaux, and H.-C. Jiang, Phys. Rev. B 109,
085121 (2024).

[54] K. Kudo, T. Yoshida, and Y. Hatsugai, Phys. Rev. Lett. 123,
196402 (2019).

[55] Y. Otsuka, T. Yoshida, K. Kudo, S. Yunoki, and Y. Hatsugai,
Sci. Rep. 11, 20270 (2021).

[56] C. Wen, X. Zhu, N. Hao, H. Guo, and S. Feng, Phys. Rev. B
105, 245131 (2022).

[57] B. Xiao, Y.-Y. He, A. Georges, and S. Zhang, Phys. Rev. X 13,
011007 (2023).

[58] P. Mai, N. S. Nichols, S. Karakuzu, F. Bao, A. Del Maestro,
T. A. Maier, and S. Johnston, Nat. Commun. 14, 2889
(2023).

[59] C. N. Varney, C.-R. Lee, Z. J. Bai, S. Chiesa, M. Jarrell, and
R. T. Scalettar, Phys. Rev. B 80, 075116 (2009).

[60] L.-H. Chen, D. Wang, Y. Zhou, and Q.-H. Wang, Chin. Phys.
Lett. 37, 017403 (2020).

[61] S. R. White, D. J. Scalapino, R. L. Sugar, N. E. Bickers, and
R. T. Scalettar, Phys. Rev. B 39, 839 (1989).

[62] R. Mondaini, T. Ying, T. Paiva, and R. T. Scalettar, Phys. Rev.
B 86, 184506 (2012).

[63] T. Ying, R. Mondaini, X. D. Sun, T. Paiva, R. M. Fye, and R. T.
Scalettar, Phys. Rev. B 90, 075121 (2014).

[64] C. L. Cleveland and R. Medina A., Am. J. Phys. 44, 44 (1976).

[65] S. Gong, W. Zhu, and D. N. Sheng, Phys. Rev. Lett. 127, 097003
(2021).

[66] H.-C. Jiang and S. A. Kivelson, Phys. Rev. Lett. 127, 097002
(2021).

[67] S. Jiang, D. J. Scalapino, and S. R. White, Proc. Nat. Acad. Sci.
USA 118, 2109978118 (2021).

[68] H.-C. Jiang, S. A. Kivelson, and D.-H. Lee, Phys. Rev. B 108,
054505 (2023).

[69] X. Lu, F. Chen, W. Zhu, D. N. Sheng, and S.-S. Gong, Phys.
Rev. Lett. 132, 066002 (2024).

[70] F. Chen, F. D. M. Haldane, and D. N. Sheng, arXiv:2311.15092.

[71] D.-W. Qu, Q. Li, S.-S. Gong, Y. Qi, W. Li, and G. Su, Phys.
Rev. Lett. 133, 256003 (2024).

[72] X. Lu, J.-X. Zhang, S.-S. Gong, D. N. Sheng, and Z.-Y. Weng,
Phys. Rev. B 110, 165127 (2024).

[73] S. Jiang, D. J. Scalapino, and S. R. White, Phys. Rev. B 106,
174507 (2022).

[74] D. Aoki, K. Ishida, and J. Flouquet, J. Phys. Soc. Jpn. 88,
022001 (2019).

[75] G. Aeppli, E. Bucher, C. Broholm, J. K. Kjems, J. Baumann,
and J. Hufnagl, Phys. Rev. Lett. 60, 615 (1988).

[76] R. Joynt and L. Taillefer, Rev. Mod. Phys. 74, 235 (2002).

[77] H. Chen, H. Yang, B. Hu, Z. Zhao, J. Yuan, Y. Xing, G. Qian,
Z.Huang, G. Li, Y. Ye et al., Nature (London) 599, 222 (2021).

[78] Q. Gu, J. P. Carroll, S. Wang, S. Ran, C. Broyles, H. Siddiquee,
N. P. Butch, S. R. Saha, J. Paglione, J. S. Davis et al., Nature
(London) 618, 921 (2023).

[79] C. Duan, R. Baumbach, A. Podlesnyak, Y. Deng, C. Moir, A. J.
Breindel, M. B. Maple, E. Nica, Q. Si, and P. Dai, Nature
(London) 600, 636 (2021).

045158-6


https://doi.org/10.1126/science.aak9546
https://doi.org/10.1126/science.aam7127
https://doi.org/10.1126/science.aal5304
https://doi.org/10.1103/PhysRevResearch.2.033073
https://doi.org/10.1103/PhysRevB.102.041106
https://doi.org/10.1103/PhysRevX.10.031016
https://doi.org/10.1103/PhysRevResearch.4.013239
https://doi.org/10.1126/science.adh7691
https://doi.org/10.1103/PhysRevB.109.085121
https://doi.org/10.1103/PhysRevLett.123.196402
https://doi.org/10.1038/s41598-021-99213-z
https://doi.org/10.1103/PhysRevB.105.245131
https://doi.org/10.1103/PhysRevX.13.011007
https://doi.org/10.1038/s41467-023-38566-7
https://doi.org/10.1103/PhysRevB.80.075116
https://doi.org/10.1088/0256-307X/37/1/017403
https://doi.org/10.1103/PhysRevB.39.839
https://doi.org/10.1103/PhysRevB.86.184506
https://doi.org/10.1103/PhysRevB.90.075121
https://doi.org/10.1119/1.10537
https://doi.org/10.1103/PhysRevLett.127.097003
https://doi.org/10.1103/PhysRevLett.127.097002
https://doi.org/10.1073/pnas.2109978118
https://doi.org/10.1103/PhysRevB.108.054505
https://doi.org/10.1103/PhysRevLett.132.066002
https://arxiv.org/abs/2311.15092
https://doi.org/10.1103/PhysRevLett.133.256003
https://doi.org/10.1103/PhysRevB.110.165127
https://doi.org/10.1103/PhysRevB.106.174507
https://doi.org/10.7566/JPSJ.88.022001
https://doi.org/10.1103/PhysRevLett.60.615
https://doi.org/10.1103/RevModPhys.74.235
https://doi.org/10.1038/s41586-021-03983-5
https://doi.org/10.1038/s41586-023-05919-7
https://doi.org/10.1038/s41586-021-04151-5

