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Recently, an analytic method was developed to study in the largeN limit non-
Hermitian random matrices that are drawn from a large class of circularly symmet-
ric non-Gaussian probability distributions, thus extending the existing Gaussian
non-Hermitian literature. One obtains an explicit algebraic equation for the inte-
grated density of eigenvalues from which the Green’s function and averaged den-
sity of eigenvalues could be calculated in a simple manner. Thus, that formalism
may be thought of as the non-Hermitian analog of the method due to Bre´zin,
Itzykson, Parisi, and Zuber for analyzing Hermitian non-Gaussian random matrices.
A somewhat surprising result is the so called ‘‘single ring’’ theorem, namely, that
the domain of the eigenvalue distribution in the complex plane is either a disk or an
annulus. In this article we extend previous results and provide simple new explicit
expressions for the radii of the eigenvalue distribution and for the value of the
eigenvalue density at the edges of the eigenvalue distribution of the non-Hermitian
matrix in terms of moments of the eigenvalue distribution of the associated Her-
mitian matrix. We then present several numerical verifications of the previously
obtained analytic results for the quartic ensemble and its phase transition from a
disk shaped eigenvalue distribution to an annular distribution. Finally, we demon-
strate numerically the ‘‘single ring’’ theorem for the sextic potential, namely, the
potential of lowest degree for which the ‘‘single ring’’ theorem has nontrivial con-
sequences. ©2001 American Institute of Physics.@DOI: 10.1063/1.1412599#

I. INTRODUCTION

There has been considerable interest in random non-Hermitian matrices in recent year
sible applications range over several areas of physics.1–4 For some recent reviews see Ref. 5. O
difficulty is that the eigenvalues of non-Hermitian matrices invade the complex plane, and
sequently, various methods developed over the years to deal with random Hermitian matric
no longer applicable, as these methods typically all involve exploiting the powerful constrain
analytic function theory.~See in particular the paper by Bre´zin, Itzykson, Parisi, and Zuber.6! In
Ref. 3, two of us proposed a ‘‘method of Hermitization,’’ whereby a problem involving rand
non-Hermitian matrices can be reduced to a problem involving random Hermitian matric
which various standard methods~such as the diagrammatic method,7 or the ‘‘renormalization
group’’ method8–11! can be applied. An idea similar to the ‘‘method of Hermitization’’ was e
pressed independently in Ref. 2.

a!Electronic mail: joshua@physics.technion.ac.il Permanent address at University of Haifa.
b!Electronic mail: rst@solid.ucdavis.edu
c!Electronic mail: zee@itp.ucsb.edu
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To our knowledge, the literature on random non-Hermitian matrices1,2 has focused exclusively
on Gaussian randomness. For instance, it has been known for over 30 years, from the w
Ginibre,12 that for the Gaussian probability distributionP(f)5(1/Z)exp(2Ntrf†f) ~here, as in
the rest of this article,f denotes anN3N complex random matrix with the limitN→` under-
stood!, the density of eigenvalues off is uniformly distributed over a disk of radius 1 in th
complex plane.

Analytic determination of the density of eigenvalues of a non-Gaussian probability dist
tion of the form

P~f!5
1

Z
e2NtrV(f†f), ~1.1!

whereV is an arbitrary polynomial of its argument, was given for the first time in Ref. 4. Ba
on the method of Hermitization, it was shown in Ref. 4 that by a simple trick, the desired de
of eigenvalues could be obtained with a minimal amount of work, by judiciously exploiting
existing literature on random Hermitian matrices.

Due to the symmetry ofP(f) under the transformationf→eiaf, the density of eigenvalue
is obviously rotational invariant. It was shown in Ref. 4 that the class of probability distribut
of the form ~1.1! exhibits a universal behavior in the sense that whatever the polynomialV was,
the shape of the eigenvalue distribution in the complex plane was always either a disk
annulus. This result was referred to in Ref. 4 as the ‘‘single ring theorem.’’

In a certain sense, the formalism developed in Ref. 4 may be thought of as the analog
work of Brézin et al. for random Hermitian matrices;6 they showed how the density of eigenvalu
of Hermitian matricesw taken from the probability distributionP(w)5(1/Z)exp@2NtrV(w)# with
V an arbitrary polynomial can be determined, and not just for the Gaussian case studied by W

and others,13 in which V5( 1
2)trw

2. An important simplifying feature of the analysis in Ref. 6
that P(w) depends only on the eigenvalues ofw, and not on the unitary matrix that diagonaliz
it. In contrast, the probability distribution~1.1! for non-Hermitian matrices depends explicitly o
the GL(N) matrix S used to diagonalizef5S21LS, and S does not decouple. Remarkabl
however, for the GaussianP(f), Ginibre12 managed to integrate overS explicitly and derived an
explicit expression for the probability distribution of the eigenvalues off. Unfortunately, it is not
clear how to integrate overS and derive the expression for the eigenvalue probability distribu
for non-Gaussian distributions of the form~1.1!. In Ref. 4 this difficulty was circumvented b
using the method of Hermitization.

As an explicit example, the caseV(f†f)52m2f†f1g(f†f)2 was studied in detail in Ref
4. As should perhaps be expected in advance, the following behavior in the parameter
m2,g.0 was found: form2 positive, the eigenvalue distribution was disklike~and nonuniform!,
generalizing Ginibre’s work, but asm2[2m2 was made more and more negative, a phase t
sition at the critical value

mc
25A2g

occurred, after which the disk fragmented into an annulus. The density of eigenvalues was
lated in Ref. 4 in detail.

The article is organized as follows: In Sec. II we summarize the ‘‘method of hermitizatio3

We present~without derivation! the general algorithm for finding the density of eigenvalu
associated with~1.1! which was developed in Ref. 4, and also add some new insight into
mechanism behind the ‘‘single ring’’ theorem. We then formulate a novel simple criterion o
couplings inV(f†f) to decide whether the shape of the eigenvalue distribution is a disk o
annulus. Finally, we discuss some generic features of the disk-annulus phase transition.
ticular, we prove that the Green’s function associated with the Hermitian matrixf†f ~which plays
an important role in the ‘‘Hermitization algorithm’’ just mentioned! is continuous through the
disk-annulus phase transition.
9 Oct 2008 to 169.237.43.201. Redistribution subject to AIP license or copyright; see http://jmp.aip.org/jmp/copyright.jsp
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In Sec. III we provide simple new expressions for the outer radiusRout and for the inner radius
Rin ~in the annular phase! of the eigenvalue distribution of the non-Hermitian matrixf, and for the
corresponding boundary valuesr(Rout) and r(Rin) of its eigenvalue density, in terms of th
moments

^sk&5E dsskr̃~s! ~k50,61,...!

of the eigenvalue distributionr̃(s) of the Hermitian matrixf†f. Thus, we find that

Rout
2 5^s&,

and

r~Rout!5
2Rout

2

^s2&2^s&2 .

We see thatRout
2 is simply the average ofs, and the densityr(Rout) is inversely proportional to the

variance ofs.
Similarly, we find that in the annular phase,

1

Rin
2 5 K 1

s L
and

r~Rin!5
2Rin

26

^s22&2^s21&2 .

Thus,Rin
22 is simply thes21 moment ofr̃(s), and the densityr(Rout) is inversely proportional

to the variance ofs21.
In Sec. IV we verify that the explicit analytic expressions in Ref. 4 concerning the qu

ensembleV(f†f)52m2f†f1g(f†f)2 are consistent with the results of Sec. III. We also co
pare these analytic predictions with results of Monte Carlo simulations of the quartic ensemb
various values ofm2 andg. The numerical results we obtained for the eigenvalue distributio
the disk phase and in the annular phase, as well as some quantitative features of the disk-
transition, are in good agreement with the analytic predictions in Ref. 4.

The ‘‘single ring theorem’’ may seem surprising at first sight. Our explanation of why
single ring theorem is not that surprising rests upon the simple argument that fragmentation
eigenvalue distribution off†f into several disjoint segments does not necessarily imply that
eigenvalues off trace out annuli obtained, loosely speaking, by revolving the segments o
eigenvalue distribution off†f into the complex plane~see the discussion in Sec. II!. In Sec. V we
carry a numerical check of the ‘‘single ring’’ theorem for the sextic potentialV(f†f)5m2f†f
1 (l/2) (f†f)21 (g/3) (f†f)3, which is the potential of lowest degree for which the eigenv
ues off†f may split into more than a single segment~in this case, two segments at the most!. We
generated numerically an ensemble in which the spectrum off†f is split into two separated
segments, yet we found that the spectrum off is a disk, and not a configuration of a disk encircl
by a concentric annulus, as one would perhaps naively expect by rotating the two-segmen
trum of f†f in the complex plane.

In the Appendix we briefly review the multi-cut phase structure of matrix ensembles
genericV(f†f), and then specialize to the phase structure of the sextic potential ensembl
9 Oct 2008 to 169.237.43.201. Redistribution subject to AIP license or copyright; see http://jmp.aip.org/jmp/copyright.jsp
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II. THE METHOD OF HERMITIZATION AND NON-GAUSSIAN ENSEMBLES

Here we very briefly summarize the ‘‘method of Hermitization’’3,4 in the form of an algo-
rithm, followed by a general discussion of the phase structure of the eigenvalue distributio

Let us first introduce some notations and definitions. The averaged density of eigenva

r~x,y!5K 1

N (
i

d~x2Rel i !d~y2Im l i !L ~2.1!

of the non-Hermitian matrixf may be determined from the the Green’s function associated
f, namely,

G~z,z* !5 K 1

N
tr

1

z2f L 5E d2x8
r~x8,y8!

z2z8
, ~2.2!

in terms of which14

r~x,y!5
1

p
]* G~z,z* !. ~2.3!

The probability distributions~1.1! studied in this article are invariant underf→eiaf, rendering

r~x,y![r~r !/2p ~2.4!

circularly invariant. Rotational invariance thus leads to a simpler form of the defining form
~2.2! for G(z,z* ) which reads

g~r ![zG~z,z* !5E
0

r

r 8dr8 r~r 8!, ~2.5!

and thus

r~r !5
1

r

dg

dr
. ~2.6!

Clearly, the quantityg(r ), which can be thought of as the integrated eigenvalue density,
positive monotonically increasing function, which satisfies the obvious ‘‘sum-rules’’

g~0!50 and g~`!51. ~2.7!

In particular, observe that the first condition in~2.7! insures that nod(x)d(y) spike arises in
r(x,y) when calculating it from~2.3! with G(z,z* ) given by ~2.5!, as it should be.

It was shown in Ref. 4 that by applying a simple trick, the desired Green’s function
non-Hermitian random matrixf could be obtained with a minimal amount of work, by judicious
exploiting the existing literature on random Hermitian matrices. The algorithm, according to
4, for finding the Green’s function and the averaged eigenvalue density of a non-Hermitia
dom matrixf drawn from a non-Gaussian ensembleP(f)5(1/Z)e2NtrV(f†f) @Eq. ~1.1!# is as
follows:

Start with the Green’s function

F~w!5 K 1

N
tr(N)

1

w2f†f L [E
0

` r̃~s!ds

w2s
, ~2.8!

where
9 Oct 2008 to 169.237.43.201. Redistribution subject to AIP license or copyright; see http://jmp.aip.org/jmp/copyright.jsp
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r̃~m!5
1

N
^tr(N) d~m2f†f!& ~2.9!

is the averaged eigenvalue density off†f. @Of course,F(w) is already known in the literature o
chiral and rectangular block random Hermitian matrices for the Gaussian distribution,11,15–17as
well as for non-Gaussian probability distributions of the form~1.1! with an arbitrary polynomial
potentialV(f†f).18–20# Then, the desired equation forg(r )[zG(z,z* ) is

gF r 2FS g r 2

g21D2g11G50. ~2.10!

Thus, givenF one can solve forg(r ) using this master equation.
Equation~2.10! is an algebraic equation forg(r ) and thus may have severalr dependent

solutions. In constructing the actualg(r ) one may have to match these solutions smoothly int
single function which increases monotonically fromg(0)50 to g(`)51. An explicit nontrivial
example of such a procedure is the construction ofg(r ) in the disk phase of the quartic ensemble4

A remarkable property of~2.10! is that it has only twor -independent solutions:g50 and
g51.4 Since the actualg(r ) increases monotonically fromg(0)50 to g(`)51, we immediately
conclude from this observation that there can be no more than a single void in the eige
distribution. Thus, in the class of models governed byP(f)5 (1/Z) e2NtrV(f†f) @Eq. ~1.1!#, the
shape of the eigenvalue distribution is either a disk or an annulus, whatever polynomi
potentialV(f†f) is. This result is the ‘‘single ring theorem’’ of Ref. 4.

The ‘‘single ring theorem’’ may appear counter-intuitive at first sight. Indeed, consid
potentialV(f†f) with several wells or minima. For deep enough wells, we expect the eigenv
of f†f to ‘‘fall into the wells.’’ Thus, one might suppose that the eigenvalue distribution off to
be bounded by a set of concentric circles of radii 0<r 1,r 2,¯,r nmax

, separating annular re
gions on whichr(r ).0 from voids~annuli in whichr(r )50.! A priori, it is natural to assume
that the maximal number of such circular boundaries should grow with the degree ofV, because
V may then have many deep minima. Remarkably, however, according to the ‘‘single ring
rem’’ the number of these boundaries is two at the most.

To reconcile this conclusion with thea priori expectation just mentioned, note that while t
eigenvalues of the Hermitian matrixf†f may split into several disjoint segments along t
positive real axis, this does not necessarily constrain the eigenvalues off itself to condense into
annuli. Indeed, the Hermitian matrixf†f can always be diagonalizedf†f5U†L2U by a unitary
matrix U, with L25diag(l1

2,l2
2,...,lN

2), where thel i are all real. This implies thatf5V†LU, with
V a unitary matrix as well. Thus, the complex eigenvalues off are given by the roots of det(z
2LW)50, with W5UV†. Evidently, asW ranges overU(N) ~which is what we expect to happe
in the generic case!, the eigenvalues ofLW could be smeared~in the sense that they would no
span narrow annuli around the circlesuzu5ul i u.!

The last argument in favor of the ‘‘single ring theorem’’ clearly breaks down whenW fails to
range overU(N), which occurs when the unitary matricesU andV are correlated. For example
f may be such thatW5UV† is block diagonal, with the upper diagonal block being aK3K
unitary diagonal matrix diag(eiv1,...,eivK) ~and withK a finite fraction ofN!. In the extreme case
K5N, in which W is completely diagonal,W[eiv5diag(eiv1,...,eivN), we see thatf
5U†eivLU is a normal matrix ~i.e., @f,f†#50), with eigenvalues diag(eiv1l1,...,eivNlN). Thus,
normal matrices, or partially normal matrices~i.e., the caseK,N!, evade the ‘‘single ring’’
theorem: if the firstK eigenvaluesl1

2 ,l2
2 ,...,lK

2 of f†f split into several disjoint segments alon
the positive real axis, the corresponding eigenvalues off will split into concentric annuli in the
complex plane obtained by revolving thosel-segments.

As a concrete demonstration of the latter qualitative discussion consider~1.1! with f a normal
matrix. According to the previous paragraph, we may diagonalize our normal matrixf
9 Oct 2008 to 169.237.43.201. Redistribution subject to AIP license or copyright; see http://jmp.aip.org/jmp/copyright.jsp
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5U†ZU with complex eigenvaluesZ5diag(z1,...,zN), and U a unitary matrix. Thus,f may be
considered as a Hermitian matrix whose eigenvalues were continued into the complex plane
the partition function associated with~1.1! for f normal,21

Z5E )
k51

N

d2zk )
i , j

uzi2zj u2 exp2N(
i

V~ uzi u2!, ~2.11!

is a trivial generalization of the partition function of Hermitian matrices, where the com
eigenvalues form a two dimensional Dyson gas. It is expressed purely in terms of the co
eigenvalueszi , contrary to ensembles of complex matrices~1.1! with a generic potentialV. @With
the exception, of course, of Ginibre’s ensembleV;f†f,12 for which the diagonalizingGL(N)
matrix can be integrated out explicitly, yielding~2.11!.# Clearly, if V(uzu2) had several well
separated and deep minima, thezi would fall into them, and in principle produce an arbitra
number of eigenvalue rings, depending onV. Thus, normal matrices evade the single ring the
rem.

Normal, or partially normal matrices, are, of course, extremely rare in the ensembl
non-Hermitian matrices, studied in this article, and do not affect the ‘‘single ring’’ behavior o
bulk of matrices in the ensemble.

We end this section by showing how simple features ofF(w) indicate whether the domain o
the eigenvalue distribution is a disk or an annulus. As is well known,11,19,20for V a polynomial of
degreep, the Green’s functionF(w) is given by

F~w!5 1
2 V8~w!2P~w!A~w2a!~w2b!, ~2.12!

where

P~w!5 (
k521

p22

ckw
k. ~2.13!

~Here we assume for simplicity that the eigenvalues off†f condense into a single segment@a,b#.
Discussion of condensation off†f eigenvalues into more segments appears in the Appendix.! The
real constants 0<a,b and ck are then determined completely by the requirement thatF(w)
→ 1/w asw tends to infinity, and by the condition thatF(w) has at most an integrable singulari
asw→0. Thus, ifa.0, inevitablyc2150. However, ifa50, thenc21 will be determined by the
asymptotic behavior forw large.

According to the ‘‘single ring’’ theorem,4 the eigenvalue distribution off is either a disk or an
annulus. The behavior ofF(w) asw;0 turns out to be an indicator as to which phase of the t
the system is in, as we now show:

A. Disk phase

In the disk phase we expect thatr(0).0, as in Ginibre’s case. Thus, from~2.6! r(r )
5(1/r )(dg/dr)[2(dg/dr2) and from the first sum ruleg(0)50 in ~2.7! we conclude that

g~r !; 1
2 r~0!r 2 ~2.14!

nearr 50. Therefore, forr small, ~2.10! yields

FS 2
r~0!r 4

2
1¯ D;2

1

r 2 , ~2.15!
9 Oct 2008 to 169.237.43.201. Redistribution subject to AIP license or copyright; see http://jmp.aip.org/jmp/copyright.jsp
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namely,F(w);1/Aw for w;0, as we could have anticipated from Ginibre’s case.22 This means
that in the disk phase we must seta50 in ~2.12!. Consequently, in the disk phasec21 does not
vanish. We can do even better: paying attention to the coefficients in~2.12! and ~2.13! ~with a
50) we immediately obtain from~2.15! that

c215Ar~0!

2b
. ~2.16!

B. Annular phase

In the annular phaseg(r ) must clearly vanish identically in the inner void of the annulu
Thus, ~2.10! implies thatF(w) cannot have a pole atw50, and therefore from~2.12! we must
have c21Aab50. Thus, the annulus must arise forc2150 ~the other possible solutiona
50, c21Þ0 leads to a disk configuration withg50 only at r 50, as we just discussed.!

Thus, to summarize, in the disk phaseF has the form

Fdisk~w!5
1

2
V8~w!2SAr~0!

2b
w211c01c1 w1¯1cp22 wp22DAw~w2b!, ~2.17!

while in the annular phase it has the form

Fannulus~w!5 1
2 V8~w!2~c01c1 w1¯1cp22 wp22!A~w2a!~w2b!. ~2.18!

Having determinedF(w) in this way, i.e., having determined the various unknown paramete
~2.17! or in ~2.18!, we substitute it into~2.10! and findG(z,z* ). We can thus calculate the densi
of eigenvaluesr(r ) explicitly for an arbitraryV.

We now turn to the disk-annulus phase transition. An important feature of this transition i
F(w) is continuous through it. To see this we argue as follows: By tuning the couplings inV, we
can induce a phase transition from the disk phase into the annular phase, or vice versa. N
course, that we can parametrize any point in the disk phase either by the set of couplingsV or
by the set of parameters$c21 ,c0 ,...,cp22 ;b% in ~2.17!. The ‘‘coordinate transformation’’ betwee
these two sets of parameters is encoded in the asymptotic behavior ofF(w). Similarly, we can
parametrize any point in the annular phase either by the set of couplings inV or by the set of
parameters$c0 ,c1 ,...,cp22 ;a,b% in ~2.18!. Due to the one-to-one relation~in a given phase, once
we have established it is the stable one! between the couplings inV and the parameters in

F(w)2 1
2 V8(w) @namely, thecn’s and the locations of the branch points ofF(w)#, we can

describe the disk-annulus transition in terms of the latter parameters~instead of the couplings in
V!. Clearly, the transition point is reached from the disk phase whenr(0)50, that is, whenc21

in ~2.17! vanishes:

c21
crit 50. ~2.19!

Similarly, the transition point is reached from the annular phase when the lower branch poina in
~2.18! vanishes. Thus, e.g., in a transition from the disk phase into the annular phase,Fdisk(w) in
~2.17! would cross-over continuously intoFannulus(w) in ~2.18! through a critical form

Fcrit~w!5 1
2 Vcrit8 ~w!2~c0

crit1c1
crit w1¯1cp22

crit wp22!Aw~w2bcrit!. ~2.20!

The continuity ofF(w) through the transition was demonstrated explicitly in Ref. 4 for the qua
ensembleV(f†f)52m2f†f1g(f†f)2 ~see also Sec. IV!.

This discussion obviously generalizes to cases whenF(w) has multiple cuts, which corre
spond to condensation of the eigenvalues off†f into many segments. Ifw50 is a branch point
of F(w), that is, if the lowest cut extends to the origin, we are in the disk phase,
9 Oct 2008 to 169.237.43.201. Redistribution subject to AIP license or copyright; see http://jmp.aip.org/jmp/copyright.jsp
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Fdisk~w!5 1
2 V8~w!2~c21w211c01c1 w1¯1cp22 wp22!Aw~w2b1!¯~w2bn!,

~2.21!

with 0,b1,¯,bn . The relation~2.16! then generalizes to

c215A r~0!

2~21!n11)k51
n bk

. ~2.22!

Sincec21 must be real we conclude that such a configuration exists only forn odd.
If the lowest branch point inF(w) is positive, we are in the annular phase with

Fannulus~w!5 1
2 V8~w!2~c01c1 w1¯1cp22 wp22!A~w2a!~w2b1!¯~w2bn!. ~2.23!

The phase transition would occur when the couplings inV(f†f) are tuned such thatFdisk(w) and
Fannulus(w) match continuously, as was described in the previous paragraph.

III. BOUNDARIES AND BOUNDARY VALUES

Remarkably, with a minimal amount of effort, and based on the mere definition ofF(w) @Eq.
~2.8!, which we repeat here for convenience#,

F~w!5 K 1

N
tr(N)

1

w2f†f L [E
0

` r̃~s!ds

w2s
, ~3.1!

we are able to derive simple expressions for the location of the boundaries of the eige
distribution and also for the boundary values ofr(r ) in terms of the moments ofr̃(s), which, we
remind the reader, is the density of eigenvalues for a Hermitian matrix problem.

To this end it is useful to rewrite our master formula~2.10! for g(r ) as

wF~w!5g ~3.2!

with

w5
gr 2

g21
. ~3.3!

We start with the outer edger 5Rout ~either in the disk phase or in the annular phase.! Near the
outer edgeg→12, and thusw→2`. We therefore expandF(w) in powers of 1/w and obtain
from ~3.1!–~3.3!

^s&
r 2 1

g21

gr 4 ^s2&1
~g21!2

g2r 6 ^s3&1¯5g, ~3.4!

where

^sk&5E
0

`

r̃~s!skds ~3.5!

are the moments ofr̃(s) ~which is of course normalized to 1!. For the class of models we ar
interested in here, all the moments^sk&, k>0 are clearly finite.@r̃(s)[(1/p)Im F(s2ie) is
supported along a finite segment~or segments!, and its singularity ats50 is no worse than
s21/2.# Thus, at the outer edger 5Rout @where of courseg(Rout)51#, all terms with ^sk&, k
>2, drop out of~3.4! and we obtain

Rout
2 5^s&. ~3.6!
9 Oct 2008 to 169.237.43.201. Redistribution subject to AIP license or copyright; see http://jmp.aip.org/jmp/copyright.jsp
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Namely,Rout
2 is simply the first moment ofr̃(s).

We now calculate the boundary valuer(Rout). ApproachingRout from the inside, we substitute
g512 f and r 25Rout

2 (12d) ~with f ,d!1) in ~3.4!. After some work we obtain f
5 ^s&2/@^s2&2^s&2# d1O(d2), namely,

g512
^s&2

^s2&2^s&2 d1O~d2!. ~3.7!

Thus, fromr(r )52(dg/dr2) @Eq. ~2.6!# and ~3.6! we find

r~Rout!5
2Rout

2

^s2&2^s&2 . ~3.8!

The densityr(Rout) is inversely proportional to the variance ofs!
For the r̃(s) under consideration here,^s2&, and consequentlyr(Rout), are always finite.

Outside the boundaryr(r ) vanishes identically, of course, and, thus,r(r ) always ‘‘falls off a
cliff’’ at the boundary, for all probability distributions of the form~1.1! with V polynomial. It
would be thus interesting to study circularly invariant matrix ensemblesP(f†f) such that the
eigenvalue distributionr̃(s) of f†f has a finite^s& but an infinite^s2&. Thenr(Rout) would
vanish. This would naturally raise the question whether in such situations,r(r ) behaves univer-
sally near the edge@that is, if near the edge it vanishes like (Rout2r )e with e being some universa
exponent#. We do not pursue this question further in this article.

We now turn to the annular phase, and focus on the inner edger 5Rin of the annulus.
According to the discussion at the end of Sec. II@see Eq.~2.18! and the discussion preceding it#,
a.0 in ~2.12!, and thusF(w) is analytic in the domainuwu,a. Expanding~3.1! in powers ofw,
we obtain from~3.2!

12g

r 2 2 K 1

s L 5wK 1

s2L 1w2K 1

s3L 1¯ . ~3.9!

A little above the inner radius, into the annulus, clearlyg→0 andw→02 in ~3.3!. Thus, setting
w50 in ~3.9! we obtain

1

Rin
2 5 K 1

s L . ~3.10!

Rin
22 is simply thes21 moment ofr̃(s).

We can now calculate the boundary valuer(Rin). Near the inner edge we parametrizer 2

5Rin
2 (11d) with d!1 ~and of course,g!1 to begin with!. Sincer̃(s) obviously vanishes for

s,a, all momentŝ s2k& in ~3.9! are finite. Thus, dropping all terms with^s2k&, k>3, in ~3.9!,
we obtain after some work

g5Rin
24 d

^s22&2^s21&2 1O~d2!. ~3.11!

It then follows from~2.6! and ~3.10! that

r~Rin!5
2Rin

26

^s22&2^s21&2 . ~3.12!

The densityr(Rout) is inversely proportional to the variance ofs21.
From ~2.12! @or ~2.18!# we learn that in the annular phaser̃annulus(s)[ (1/p)ImF(s2ie)

5polynomial(s)A(s2a)(b2s), 0,a,s,b ~and vanishes elsewhere.! Thus, ^1/sk&
[*a

b( r̃(s)/sk)ds, k51,2, are finite. Therefore,rannulus(r ) jumps from zero~in the inner void of
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the annulus! to a finite value at the inner edgeRin . Note, however, that whena→0, that is, in the
annular to disk transition,̂1/s& remains finite, but̂ 1/s2& diverges like 1/Aa. @For a particular
example, see Eq.~4.18!.# Thus, from~3.10! we see thatRinner(a50), thecritical inner radius, is
finite. The annulus starts up with a finite inner radius. Also, in this limit, we see from~3.12! that
r(Rin) vanishes likeAa. As we approach the annulus-disk transition, the discontinuity inr(r ) at
the ~finite! inner edge disappears.

We saw at the end of Sec. II@see Eqs.~2.17!–~2.20!# that F(w) is continuous through the
disk-annulus phase transition. Thus, our master formulawF(w)5g to determineg(r ) @Eq. ~3.2!#
is also continuous through the transition. Consequently,r(r )5(1/r )(dg/dr) must remain con-
tinuous through the disk-annulus transition, and has~at the transition! the universal behavior
described in the previous paragraph.

IV. PHASE TRANSITIONS IN THE QUARTIC ENSEMBLE

The disk-annulus transition in the quartic ensemble

V~f†f!52m2f†f1g~f†f!2 ~4.1!

was studied in detail in Ref. 4. The annular eigenvalue distributionrannular(r ) and the disk eigen-
value distributionrdisk(r ) for this ensemble were calculated explicitly in Ref. 4. According to
expressions given in Ref. 4, as the critical point is approached from the annular phase,rannular(r )
behaves precisely as described in the paragraph following Eq.~3.12! at the end of the previous
section@see also Eq.~4.13!, at m5mc .# Also according to Ref. 4, as the critical point is a
proached from the disk phase,rdisk(r ) gets completely depleted inside a region of radiusRin(mc)
@remaining continuous atr 5Rin(mc)#. @See Eq.~4.20!.# Thus, r(r ) for the quartic ensemble is
continuous through the disk-annulus transition.

In this section we verify the expressions~3.6!, ~3.8!, ~3.10! and ~3.12! for Rout, r(Rout), Rin

andr(Rin) for the quartic ensemble~4.1! against the explicit expressions for these quantities gi
in Ref. 4, and also provide ample numerical results concerning the disk phase, the annular
and the transition between them, in support of the analytical results. In what follows we
omitted many technical details that can be found in Ref. 4.

A. The disk phase

For m2.2A2g the density of eigenvalues is a disk. According to Ref. 4 we have

F~w!5m21gw2S c

w
1gDAw~w2b! ~4.2!

with

c5
2m21Am416g

3
and b5

22m212Am416g

3g
. ~4.3!

According to Eqs.~5.8! and ~5.9! in Ref. 4, the eigenvalue density in this phase is

rdisk~r !52m214gr212FsgnS b

4
2r 2D Gbc22~m212gr2!@112~m2r 21gr4!#

A@112~m2r 21gr4!#224bc2r 2
~4.4!

inside a disk of radiusRout, where

Rout
2 5

bc222m2

2g
5

~m416g!3/22m2~m419g!

27g2 . ~4.5!

Thus, from~4.4! and ~4.5! we have23
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rdisk~Rout!5
4g~bc222m2!

2g2bc2~bc222m2!
5

4gRout
2

122Rout
2 ~gRout

2 1m2!
. ~4.6!

These results should be compared with the predictions of Sec. III. From~4.2! we can read-off the
density of eigenvaluesr̃(s)5(1/p)Im F(s2ie) of f†f as

r̃~s!5
1

p S c

s
1gDAs~b2s! ~4.7!

for 0<s<b, and zero elsewhere. We can readily check that~4.7! is properly normalized to 1.
The first two moments of~4.7! are

^s&5
1

2 S b

2D 2S c1
gb

2 D5
~m416g!3/22m2~m419g!

27g2 , ~4.8!

and

^s2&5
1

8 S b

2D 4S 8c

b
15gD5

27g2118gm412m822m2~6g1m4!3/2

54g3 . ~4.9!

Thus,

^s2&2^s&252
b3

256
@4bc21bg~b2g210!14c~b2g24!#

5
297g31108g2m4218gm824m1222m2~9g22m4!~6g1m4!3/2

1458g4 . ~4.10!

Comparing~4.5! and ~4.8! we immediately verify~3.6!, Rout
2 5^s&. After some additional work,

using ~4.10! and ~4.5! in ~3.8!, we can see that~3.8!, namely, thatr(Rout)52Rout
2 /(^s2&

2^s&2), coincides with~4.6!.

1. Numerical results for the disk phase

We have generated numerically random matrix ensembles corresponding to the quartic
tial ~4.1! in the disk phase, form251 fixed and for various values of the couplingg ~and for
various sizes of matrices!, and measuredrdisk(r ) for these realizations.

The generation of the matrices was done by a standard Metropolis Monte Carlo appro
random change had been suggested in the real and imaginary parts of one of the elementsf and
then the change inV(f) was evaluated. This ‘‘move’’ was accepted unconditionally ifV was
decreased, and with probabilityp5e2DV if V was increased. General theorems on Monte Ca
then guaranteed that the resulting probability distribution off was the desired one. After th
matrices were generated, their eigenvalues were determined with a standard solver fro
LAPACK library. We tuned the size of the suggested changes inf so that the acceptance rate w
about one-half, and monitored the equilibration and autocorrelation times to ensure our s
configuration had evolved properly and error bars were accurate. In particular, the local chan
f made the matrices correlated over some number of random changes, however, local c
also allowed one to employ various tricks to evaluate the change inV rapidly.

In Fig. 1 we display our numerical results forrdisk(r ) for 1283128 dimensional matrices, an
compare them to the analytical large-N result~4.4! of Ref. 4.@As a trivial check of our numerica
code, we also included in this figure the results for the Gaussian~Ginibre! ensemble.# Evidently,
the agreement between the numerical and the analytical results is good. Note the finite-N effects
near the edge of the disk.
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B. The annular phase

For m2,2A2g, the stable eigenvalue distribution is annular. For convenience, let us s
notations according tom252m2, and also writemc

25A2g.
According to Ref. 4 we have

F~w!5m21gw2gA~w2a!~w2b! ~4.11!

with

a5
m2

g
2A2

g
and b5

m2

g
1A2

g
. ~4.12!

We see thata5(2/mc
4)(m22mc

2) which is positive form2.mc
2 , as it should be, by definition.

According to Eqs.~5.16!–~5.19! in Ref. 4, the eigenvalue density in this phase is

rannulus~r !58gS r 22
m2

2gD58gS r 22
m2

mc
4D ~4.13!

inside an annulusRin<r<Rout, where

Rin
2 5

m21Am422g

2g
5

m21Am42mc
4

mc
4 ~4.14!

and

Rout
2 5

m2

g
5

2m2

mc
4 . ~4.15!

Thus, we see immediately that

r~Rin!54Am42mc
4

~4.16!
r~Rout!54m2.

FIG. 1. Comparison between Monte Carlo measurements of the density of eigenvaluesr(r ) of matricesf of size 128
3128, taken from the quartic ensembleV(f†f)52m2f†f1g(f†f)2 with m250.5 ~disk phase! and forg50, 0.5, 1, 2,
4 ~g increases from bottom to top!, compared to the analytical results of Ref. 4~solid lines!. At g50 we obtain Ginibre’s
Gaussian ensemble withV5f†f, with its unit disk of eigenvalues.
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Note thatr(Rin)50 at m5mc , as expected. Also note that the critical annulus has a finite in
radius:Rin

2 (mc)51/mc
2.0.

We now compare these results with the predictions of Sec. III. From~4.11! we read-off the
density of eigenvalues off†f:

r̃~s!5
g

p
A~s2a!~b2s! ~4.17!

for a<s<b, and zero elsewhere. We can check that~4.17! is properly normalized to 1.
The relevant moments of~4.17! are

^s&5
g

2 S a1b

2 D S b2a

2 D 2

5
m2

g
,

^s2&5
g

2 S b2a

2 D 4F S b1a

b2aD 2

1
1

4G5
m4

g2 1
1

2g
,

~4.18!

K 1

s L 5
g

2
~Ab2Aa!25m22Am422g

K 1

s2L 5
g

2

~Ab2Aa!2

Aab
5g

m22Am422g

Am422g
.

Comparing~4.14!, ~4.15! and the first and third equations in~4.18!, we verify ~3.6! and~3.10!
straightforwardly.

Further, we find from~4.18! that

^s2&2^s&25
1

2g
~4.19!

K 1

s2L 2 K 1

s L 2

5g22m41m2
2m423g

Am422g
.

Thus, comparing with~4.16! we find that

2Rout
2

^s2&2^s&2 54m25r~Rout!

and

2Rin
26

^s22&2^s21&2 54Am42mc
45r~Rin!,

and verify ~3.8! and ~3.12! for the annular phase.

1. Numerical results for the annular phase

In Figs. 2~a!–2~c! we display our numerical results forrannulus(r ) for matrices of various sizes
and compare them to the analytical large-N result ~4.13! of Ref. 4. In these figures we holdm2

50.5 fixed, and increaseg from 0.025 to 0.1.~Here we havem250.55mc
2/2A2g. Thus increasing

g as indicated in the text brings us closer to the disk-annulus phase transition.!
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C. The disk-annulus phase transition

The phase boundary separating the disk phase and the annular phase in them22g plane is the
curvem252A2g.

Consider approaching this boundary from within the disk phase by settingm252A2g1d,
with d positive and small. Then, using~4.3!, we find to first order ind that c5d/2 and b
52A(2/g)2d/g. In particular, at the phase boundary itselfc50, in accordance with~2.19! and
~2.20!. It was shown in Ref. 4 that as one approaches the critical pointm252A2g from the disk
phase, the density of eigenvalues off approches the particularly simple critical configuration

rcrit~r !5H 0, r 2,1/A2g

8gS r 22
1

A2g
D , 1/A2g,r 2,A2/g.

~4.20!

Thus, as we decreased to zero,rdisk(r ) @Eq. ~4.4!# becomes increasingly depleted inside the d
r 2,b(d)/4, reaching complete depletion atd50, at which point the disk breaks into an annulu
We also note that at the phase boundary~4.2! reads

F~w!52A2g1gw2gAwS w22A2

gD . ~4.21!

Consider now approaching the phase boundarym252A2g from within the annular phase. Thus
we setm25A2g1d, with d positive and small. Then, since all the expressions in~4.12! are linear
in m2, we find thata5d/g and b52A(2/g)1d/g. In particular, at the phase boundary itselfa
50, andb51/A2g. Therefore, at the phase boundary~4.11! reads

F~w!52A2g1gw2gAwS w22A2

gD ,

which coincides with~4.21!. Thus,F(w) ~and consequently, the eigenvalue density off†f) is
also continuous at the transition, in accordance with~2.20!.

Note from ~4.14! and ~4.15! that at the transitionRin
2 51/mc

251/A2g is finite, and coincides
with the radius~squared! of the depleted region in the disk configuration~4.20!. Right at the
transition, the disk breaks into an annulus with a finite hole! Note also thatRout

2 52/mc
25A2/g,

which coincides with the disk’sRout
2 at the phase boundary. Thus, at the phase boundarym2

5mc
2 ~4.13! coincides with~4.20!, namely,r(r ) is continuous at the transition from the disk pha

to the annular phase.

FIG. 2. Results of Monte Carlo measurements of the density of eigenvaluesr(r ) of matricesf of sizes corresponding to
N564, 128 and 256, taken from the quartic ensemble withm252m2520.5 ~annular phase! for various values of the
quartic coupling:g50.025 in~a!, g50.05 in ~b! andg50.1 in ~c!. These are compared to the analytical results of Re
~solid lines!. As N increases, the numerical results converge monotonically to the analytical results.
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1. Numerical simulation of the disk-annulus phase transition

We have measured the density of eigenvaluesr(r ) of matricesf of size 1283128, taken from
the the quartic ensemble withm250.5 and forg50.025, 0.05, 0.1, 0.125, 0.15 and 0.175. T
results are displayed in Fig. 3.

For these values ofg, we start in the annular phase at the lowest value ofg. For our set of
parameters we havem250.55mc

2/2A2g. Thus, increasingg ~while keepingm2 fixed at 0.5! brings
us closer to the disk-annulus phase transition, which occurs~at largeN! at gc50.125. Increasing
g beyond that, puts us into the disk phase.

The first three profiles on the right in Fig. 3 belong to the annular phase. Their behav
consistent with our discussion in Sec. IV B of the annular phase. Indeed, asg increases towards
the transition point atgc50.125, these three graphs exhibit the expected decrease ofRin

2 5(m2

1Am42mc
4)/mc

4 @Eq. ~4.14!, with mc
25A2g# and the decrease ofRout

2 52m2/mc
4 @Eq. ~4.15!#.

The critical density profile, corresponding togc50.125, is the fourth profile~from the right!.
For our choice of parameters, the theoretical boundary radii of the critical annulus, i.e.,g
50.125, areRin

crit51/mc5& and Rout
crit5&/mc52. These boundary values fit nicely with th

features of the critical profile in Fig/ 3.
Finally, the last two profiles in Fig. 3 have pronounced tails extending tor 50 and thus belong

to the disk phase.

V. PHASE TRANSITIONS IN THE SIXTH ORDER POTENTIAL AND THE ‘‘SINGLE RING’’
THEOREM

The sextic potential

V~f†f!5m2f†f1
l

2
~f†f!21

g

3
~f†f!3 ~5.1!

is the potential of lowest degree in~1.1! for which the eigenvalues off†f may split into more
then a single segment. In fact, it is easy to see that there can be at most two eigenvalue se
in the spectrum off†f.

The qualitative features of the support of the eigenvalue density associated with~5.1! can be
deduced by moving the cubicV(x)5m2x1 (l/2) x21 (g/3) x3 around in the plane~i.e., by vary-
ing its couplings, fixing, sayg51!, and concentrating onx>0. It is obvious from such consider
ations that there are three qualitatively different phases in the spectrum off†f. In two of the

FIG. 3. Monte Carlo measurements of the density of eigenvaluesr(r ) of matricesf of size 1283128, taken from the
quartic ensemble withm250.5 and forg50.025, 0.05, 0.1, 0.125, 0.15 and 0.175~g increases from right to left!. The first
three profiles on the right~corresponding to the three lowest values ofg! evidently belong to the annular phase. The four
density profile from the right is the critical one~corresponding togc50.125!. Finally, the last two profiles~which
correspond to the two higher values ofg! belong to the disk configuration.
9 Oct 2008 to 169.237.43.201. Redistribution subject to AIP license or copyright; see http://jmp.aip.org/jmp/copyright.jsp



ses,

by

sextic
the
-
val-

ase of
e

l-
n

5733J. Math. Phys., Vol. 42, No. 12, December 2001 ‘‘Single ring theorem’’

Downloaded 0
phases the eigenvaluessi of f†f live in a single segment. In one of these single segment pha
the segment includes the origin (0<s<a), but in the other it does not (0,a<s<b). Following
the general discussion in the last part of Sec. II, we would expect that the spectrum off itself is
a disk in the first case, and an annulus in the second case.

In the third phase off†f, there are two segments, one of which hits the origin ($0<s
<a%ø$b<s<c%). ~There is no two-segment phase off†f which does not include the origin.!
Thus, according to the discussion in the last part of Sec. II, the non-Hermitian matrixf is expected
to be in the disk phase in this case~rather than having its eigenvalue fill in a disk surrounded
a concentric annulus!, in accordance with the ‘‘single ring’’ theorem.

In this short section we limit our discussion to the two-segment phase off†f. @A rather
detailed sketch of the analytical conditions that determine the whole phase structure of the
ensemble~5.1! is given in the Appendix.# Our purpose here is to demonstrate numerically
‘‘single ring’’ Theorem for the eigenvalue distribution of matricesf taken from the sextic en
semble~5.1!. To this end, we have to identify points well within the phase in which the eigen
ues off†f split into two segments.

We used the formalism of the Appendix to choose two ensembles in the two-segment ph
f†f, for which we verified that the eigenvalues off formed a disk. The results for thes
ensembles are displayed in Figs. 4 and 5.

Figure 4 shows the scatter plot of the eigenvalues off together with the density of eigenva
uesr̃(s) of f†f for ~5.1! with couplingsm257.372, l526.116 andg51.372. As can be see
on the right part of Fig. 4, for these couplings, the eigenvalues off†f live in two separated

FIG. 4. Scatter plot of the eigenvalues of matricesf of size 32332, taken from~5.1! with m257.372,l526.116 and
g51.372 ~left!, and the corresponding density of eigenvaluesr̃(s) of f†f ~right!. The solid line on the right is the
analytical curve corresponding to~A22!. The support ofr̃(s) is split into the two segments$0<s<a51%ø$b52<s
<c53%, while the support ofr(r ) on the left is manifestly a disk.

FIG. 5. Similar to Fig. 4, but withm256.403,l54.184 andg50.713. The support ofr̃(s) is split into the two segments
$0<s<a51%ø$b53<s<c54%, while the support ofr(r ) on the left remains a disk.
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segments:$0<s<a51%ø$b52<s<c53%. The solid line there is the largeN theoretical curve,
which was plotted according to the analysis we have described in the Appendix@see the discussion
following ~A20!#. Evidently, the spectrum off is a disk, despite the split support ofr̃(s), in
accordance with the ‘‘single ring’’ Theorem.

Figure 5 is similar to Fig. 4, but for~5.1! with couplings m256.403, l54.184 andg
50.713, for which the eigenvalues off†f live in the segments$0<s<a51%ø$b53<s<c
54%. The spectrum off remains a disk, even though the two segments of the support ofr̃(s) are
more separated than in Fig. 4.
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APPENDIX: THE PHASE DIAGRAM OF A GENERIC V„f†f…

In this Appendix we briefly review the necessary theoretical aspects of multi-cut phas
f†f. The first part of our discussion will apply for a generic polynomialV(f†f). Then, in the
second part of the Appendix, we will specialize to the sextic potential~5.1!.

The following discussion is an adaptation and application of the ideas of Ref. 24 to
Hermitian matrices. For a more detailed discussion of Hermitian and non-Hermitian ra
matrix ensembles with multi-cut eigenvalue distributions, see Ref. 25.@As a side remark, we
mention at this point the recent interest in the surprising nonuniversal large distance beha
the ~smoothed! connected two-point function26 in matrix models with multi-cut eigenvalue distr
butions.#

For practical reasons, we eliminate some~or all! of the couplings inV(f†f) in terms of the
end-points of the segments containing the eigenvalue distribution off†f, and use the latter a
~part of! the coordinates in the phase diagram. In this way we can find rather easily w
couplings inV(f†f) are needed to generate an eigenvalue distribution off†f with a prescribed
set of support segments.

1. A generic potential V„f†f…

The saddle-point equation governing the Dyson gas of eigenvalues off†f is19,20

ReF~s2 i e!5 1
2 V8~s!. ~A1!

By definition @see Eq.~2.8!#

F~w!5
1

N K tr(N)

1

w2f†f L 5
1

N (
i 51

N K 1

w2si
L ~A2!

~wheresi are the eigenvalues off†f!. Thus, as usual,

F~s2 i e!5P.P.
1

N (
j 51

N K 1

s2sj
L 1 ipr̃~s!, ~A3!

wherer̃(s) is the density of eigenvalues off†f.
In order to study multi-cut configurations ofr̃(s), we also need the auxiliary function24

G~s!5E
a1.0

s

dm~V8~m!22F~m2 i e!!. ~A4!
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In the last equationa1 is the lowest branch point ofF(w). Thus, from~A3! and~A1!, we see that
for s real and in the support of eigenvalues,

G~s!522p i E
a1

s

r̃~m!dm ~A5!

is pure imaginary.2Im G(s)52pr̃(s) is then positive and monotonically increasing~and reaches
2p whens hits the largest branch point!.

Stability of multi-cut distributions. How do we know that a given distribution of eigenvalu
is stable against migration of eigenvalues from one place to another? To answer this qu
consider the Dyson gas energy functional

Seff@ r̃#5E
s>0

r̃~s!V~s!ds2
1

2 Es,m>0
r̃~s!r̃~m!log~s2m!2 dsdm. ~A6!

A general variation of~A6! underr̃(s)→ r̃(s)1dr̃(s) is

dSeff@ r̃#5E
s>0

V~s!dr̃~s!ds2E
s,m>0

r̃~m!log~s2m!2dr̃~s!dsdm. ~A7!

Moving an eigenvalue fromsi to sf corresponds todr̃(s)5(1/N)@d(s2sf)2d(s2si)#. Thus,
from ~A7! and ~A4! ~and after some work! we can show that such a move costs

DSeff@ r̃#5
1

N
@G~sf !2G~si !# ~A8!

in energy.24 Such a rearrangement of eigenvalues costs energy only if

ReDSeff@ r̃#.0 , ~A9!

and therefore~A9! is the stability condition against such a rearrangement. Thus, a multi-cutF(w),
where the eigenvalues coalesce inton segments

@a1 ,a2#ø@a3 ,a4#ø¯ø@a2n21 ,a2n#,

would be stable against migration of eigenvalues between neighboring cuts if and only if~A9!
would hold for all neighboring pairs of cuts, and in both directions. SinceG(s) is real on the
segments on the real axis that connect the cuts, this stability condition means

G~a3!5G~a2!, G~a5!5G~a4!, ..., G~a2n21!5G~a2n22!. ~A10!

In addition, of course, ReG(s),0 cannot happen anywhere fors>0. Then21 equations~A10!
comprise the desired stability condition for such an eigenvalue distribution. In addition to
conditions, we have to make sure that along the cuts themselves2Im G(s).0, which is just the
condition thatr̃(s) be positive.

The n21 equations~A10!, together with the obvious analytic properties ofF(w) and its
asymptotic behavior

F~w!;
1

w
~A11!

asw→`, determineF(w) uniquely. Indeed, as is well known, for a genericV(f†f), in view of
~A1! and~A11! ~and as we discussed at the end of Sec. II!, F(w) ~with n cuts! must be of the form
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F~w!5
1

2
V8~w!2P~w!A)

l 51

2n

~w2al !, ~A12!

where

P~w!5
c21

w
1 (

l 50

degV2n21

clw
l . ~A13!

Herea1,a2¯,a2n andc21Þ0 only if a150 ~see Sec. II!. If a1.0, thenc2150, and thus in
such a case, there are 2n(a8s)1(degV2n)(c8s)5n1degV independent parameters in the e
pression~A12! for F(w). On the other hand, there are degV11 conditions from the asymptotic
behavior ~A11! plus additionaln21 conditions from~A10!, which comprise a total of degV
1n conditions, equal to the number of unknown parameters. This balance remains ifc21 appears
in the game as an unknown parameter, because thena150, so that the number of parameters do
not change. Finally, we have to remember to impose the positivity constraint

r̃~x!5
1

p
Im F~x2 i e!>0, ~A14!

which translates into a set of inequalities among thea’s andc’s.
A convenient local parametrization of the phase diagram. Recall, that the phases off†f are

specified by the number of segments in the support ofr̃(s), i.e., the number of cuts inF(w) ~and
whether these cuts havew50 as a branch point or not.! Thus, instead of the usual description
the phase structure in terms of the degV couplings inV(f†f), our strategy is to use degV
parameters out of the 2n branch-pointsa1 ,...a,2n of F(w) and the degP coefficientsck ~with the
total number degV first saturated by thea’s in ascending order!, which we refer to as ‘‘phase
coordinates,’’ to express~in a given phase! the couplings appearing inV(f†f) @such asm2,l and
g in ~5.1!#, as well the as theck’s andak’s complementary to the phase coordinate parameter
~See our discussion of the sextic potential in the next subsection for concrete examples
parametrization.!

We have to be careful in giving the expressions for, say, the couplings ofV, in terms of the
phase coordinates. This because for a given configuration ofF(w), the equations from which we
are to eliminate the couplings ofV @such as the triadm2,l andg in ~5.1!# as functions of the phas
coordinates may have several solutions~in other words, the couplings inV are generally multi-
valued functions of the phase coordinates in a given phase!. Thus, in a given phase, we must o
course choose the parametrization of couplings inV which yields the minimalSeff@r̃# appropriate
for that phase.

This alternative parametrization is more convenient for our purposes in Sec. V. Indeed
we are successful in expressing the couplings inV as functions of the phase coordinates, it will
very easy for us to tune the couplings inV(f†f) to a generic point in a given phase and also
approach the phase boundaries in a controlled manner. In particular, phase transitions appe
for example, when branch points collide and become equal~at some common real positive valu
a!. This process removes twoa’s and thus closes one cut (n→n21) but adds an additional term
to P(w). The number of unknown parameters drops by 1, but so does the number of st
conditions~A10!. In the other direction, we can obviously reach the same coexistence poin
tuning the parameters ofP(w) to a point where it develops a linear factor (w2a)5A(w2a)2

~with a>0!. Obviously, when these alternative phase coordinates approach a point on the
istence surface from two different sides of the phase transition, the respective sets of coupl
V, expressed as sets of functions of the two phase coordinate patches, coincide. Thus, they
the sameSeff@r̃#, which means that such a point is indeed a point on the phase boundary.
9 Oct 2008 to 169.237.43.201. Redistribution subject to AIP license or copyright; see http://jmp.aip.org/jmp/copyright.jsp



5737J. Math. Phys., Vol. 42, No. 12, December 2001 ‘‘Single ring theorem’’

Downloaded 0
2. Results for the sextic potential

From ~A12! and ~5.1!, the general form ofF(w) is

F~w!5 1
2 ~m21lw1gw2!2P~w!Apolynomial. ~A15!

a. Single cut, disk phase

Here

F~w!5
1

2
~m21lw1gw2!2S s

w
1t1uwDAw~w2a!. ~A16!

There is a single cut, so~A10! is trivial in this case, and~A14! holds manifestly. We need only
impose~A11!. In the end, we find

u5
1628as22a2t

a3 ,

g52u
~A17!

l52t2au5
4a2t18as216

a2 ,

m252s2at2
a2u

4
5

8as2a2t28

2a
.

The phase coordinates area, t ands.

b. Single cut, annular phase

We have

F~w!5 1
2 ~m21lw1gw2!2~ t1uw!A~w2a!~w2b!. ~A18!

Here 0,a,b. Again, there is a single cut, so~A10! is trivial in this case too, and also~A14!
holds manifestly. We need only impose~A11!. In the end, we find

u5
1622t~a2b!2

~a1b!~a2b!2 ,

g52u,
~A19!

l52t2u~a1b!54t2
16

~a2b!2 ,

m252
~a2b!2

4
u2t~a1b!52

4

a1b
2t

a216ab1b2

2~a1b!
.

The phase coordinates area, b and t.

c. Two cuts, disk phase

We have

F~w!5
1

2
~m21lw1gw2!2S s

w
1t DAw~w2a!~w2b!~w2c!. ~A20!
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Here 0,a,b,c. Note that in this case we can trade the three couplingsm2, l andg for the
three branch pointsa, b andc. In this case there are two cuts, so for the first time~A10! is not
trivial. We first impose~A11!. We find

s5
8

a21b21c222~ab1ac1bc!

2
1

2

a31b31c32a2~b1c!2b2~a1c!2c2~a1b!12abc

a21b21c222~ab1ac1bc!
t,

g52t,
~A21!

l52s2t~a1b1c!,

m252~a1b1c!s2
a21b21c222~ab1ac1bc!

4
t.

We have yet to impose~A10!, which is why t was not eliminated yet. Before doing that, w
impose~A14!. Our conventions are always to take each cut from the appropriate branch po
the left on the real axis. Thus, after some work, we find from~A20!

pr̃~x!5Im F~x2 i e!55
2S s

x
1t DAx~a2x!~b2x!~c2x!, 0,x,a,

1S s

x
1t DAx~x2a!~x2b!~c2x!, b,x,c,

0 otherwise.

~A22!

We have to impose~A14! on ~A22!. This means

s

x
1t,0 for 0,x,a,

s

x
1t.0 for b,x,c.

Thus, we must have

t.0 and 2bt<s<2at,0, ~A23!

where s is given in ~A21!. ~It is straightforward to check that these inequalities hold for
ensembles corresponding to Figs. 4 and 5 in Sec. V.! We are now ready to impose~A10!. Here it
simply meansG(a)5G(b), namely,

E
a

bS s

x
1t DAx~x2a!~b2x!~c2x! dx50. ~A24!

Note from~A23! that2b,s/t,2a, and thus the factor multiplying the square root in~A24! flips
its sign in the integration domain, so that the integral on the lhs of~A24! may vanish. The latter
equation may be expressed in terms of the elliptic integrals
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I ~a,b,c!5E
a

b
Ax~x2a!~x2b!~x2c!dx,

~A25!

J~a,b,c!5E
a

b
Ax~x2a!~x2b!~x2c!

dx

x
.

Following the usual procedure, we may expressI andJ in terms of complete elliptic integrals in
a straightforward manner.~We do not bother to write these expressions here, since for our
poses in Sec. V we evaluatedI andJ numerically.!

Finally, substituting these expressions in~A24! we obtain

s~ t,a,b,c!J~a,b,c!1tI ~a,b,c!50, ~A26!

which we solve fort ~recall from~A21! thats is merely linear int, and also thatt.0, in view of
~A23!.! Once t(a,b,c) is known, we can go back to~A21! and evaluatem2(a,b,c), l(a,b,c)
andg(a,b,c) explicitly. Our phase coordinates in this case are thusa, b andc.
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6E. Brézin, C. Itzykson, G. Parisi, and J.-B. Zuber, Commun. Math. Phys.59, 35 ~1978!.
7See, for example, E. Bre´zin and A. Zee, Phys. Rev. E49, 2588~1994!.
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