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Recently, an analytic method was developed to study in the Isrdienit non-
Hermitian random matrices that are drawn from a large class of circularly symmet-
ric non-Gaussian probability distributions, thus extending the existing Gaussian
non-Hermitian literature. One obtains an explicit algebraic equation for the inte-
grated density of eigenvalues from which the Green’s function and averaged den-
sity of eigenvalues could be calculated in a simple manner. Thus, that formalism
may be thought of as the non-Hermitian analog of the method due tmirBre
Itzykson, Parisi, and Zuber for analyzing Hermitian non-Gaussian random matrices.
A somewhat surprising result is the so called “single ring” theorem, namely, that
the domain of the eigenvalue distribution in the complex plane is either a disk or an
annulus. In this article we extend previous results and provide simple new explicit
expressions for the radii of the eigenvalue distribution and for the value of the
eigenvalue density at the edges of the eigenvalue distribution of the non-Hermitian
matrix in terms of moments of the eigenvalue distribution of the associated Her-
mitian matrix. We then present several numerical verifications of the previously
obtained analytic results for the quartic ensemble and its phase transition from a
disk shaped eigenvalue distribution to an annular distribution. Finally, we demon-
strate numerically the “single ring” theorem for the sextic potential, namely, the
potential of lowest degree for which the “single ring” theorem has nontrivial con-
sequences. €001 American Institute of Physic§DOI: 10.1063/1.1412599

[. INTRODUCTION

There has been considerable interest in random non-Hermitian matrices in recent years. Pos-
sible applications range over several areas of physitBor some recent reviews see Ref. 5. One
difficulty is that the eigenvalues of non-Hermitian matrices invade the complex plane, and, con-
sequently, various methods developed over the years to deal with random Hermitian matrices are
no longer applicable, as these methods typically all involve exploiting the powerful constraints of
analytic function theory(See in particular the paper by Bis, Itzykson, Parisi, and Zub8y.In
Ref. 3, two of us proposed a “method of Hermitization,” whereby a problem involving random
non-Hermitian matrices can be reduced to a problem involving random Hermitian matrices, to
which various standard methodsuch as the diagrammatic methbdy the “renormalization
group” method~1Y can be applied. An idea similar to the “method of Hermitization” was ex-
pressed independently in Ref. 2.
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To our knowledge, the literature on random non-Hermitian matrickas focused exclusively
on Gaussian randomness. For instance, it has been known for over 30 years, from the work of
Ginibrel? that for the Gaussian probability distributid?( ¢) = (1/Z)exp(—Ntr¢T¢) (here, as in
the rest of this article¢p denotes aiN XN complex random matrix with the limil—co under-
stood, the density of eigenvalues @ is uniformly distributed over a disk of radius 1 in the
complex plane.

Analytic determination of the density of eigenvalues of a non-Gaussian probability distribu-
tion of the form

1 T
P(¢)=5e NV, (1.2

whereV is an arbitrary polynomial of its argument, was given for the first time in Ref. 4. Based
on the method of Hermitization, it was shown in Ref. 4 that by a simple trick, the desired density
of eigenvalues could be obtained with a minimal amount of work, by judiciously exploiting the
existing literature on random Hermitian matrices.

Due to the symmetry oP(¢) under the transformation— e'*¢, the density of eigenvalues
is obviously rotational invariant. It was shown in Ref. 4 that the class of probability distributions
of the form(1.1) exhibits a universal behavior in the sense that whatever the polyndhials,
the shape of the eigenvalue distribution in the complex plane was always either a disk or an
annulus. This result was referred to in Ref. 4 as the “single ring theorem.”

In a certain sense, the formalism developed in Ref. 4 may be thought of as the analog of the
work of Brezin et al. for random Hermitian matricesthey showed how the density of eigenvalues
of Hermitian matricesp taken from the probability distributioR (@) = (1/Z)exg —NtrV(¢) ] with
V an arbitrary polynomial can be determined, and not just for the Gaussian case studied by Wigner

and others? in which V=()tre?. An important simplifying feature of the analysis in Ref. 6 is
that P(¢) depends only on the eigenvaluesgfand not on the unitary matrix that diagonalizes
it. In contrast, the probability distributiofl.1) for non-Hermitian matrices depends explicitly on
the GL(N) matrix S used to diagonalizeb=S"'AS, and S does not decouple. Remarkably,
however, for the GaussidP(¢), Ginibre? managed to integrate ov8rexplicitly and derived an
explicit expression for the probability distribution of the eigenvalueg.df/nfortunately, it is not
clear how to integrate oves and derive the expression for the eigenvalue probability distribution
for non-Gaussian distributions of the forth.1). In Ref. 4 this difficulty was circumvented by
using the method of Hermitization.

As an explicit example, the cadq ¢'¢)=2m?¢ ¢+ g('¢)? was studied in detail in Ref.
4. As should perhaps be expected in advance, the following behavior in the parameter space
m?,g>0 was found: form? positive, the eigenvalue distribution was disklit@nd nonuniform
generalizing Ginibre’s work, but as’= — x> was made more and more negative, a phase tran-
sition at the critical value

pe=\2g

occurred, after which the disk fragmented into an annulus. The density of eigenvalues was calcu-
lated in Ref. 4 in detail.

The article is organized as follows: In Sec. Il we summarize the “method of hermitizafion.”
We present(without derivation the general algorithm for finding the density of eigenvalues
associated witH1.1) which was developed in Ref. 4, and also add some new insight into the
mechanism behind the “single ring” theorem. We then formulate a novel simple criterion on the
couplings inV(¢'¢) to decide whether the shape of the eigenvalue distribution is a disk or an
annulus. Finally, we discuss some generic features of the disk-annulus phase transition. In par-
ticular, we prove that the Green’s function associated with the Hermitian matex(which plays
an important role in the “Hermitization algorithm” just mentione continuous through the
disk-annulus phase transition.
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In Sec. lll we provide simple new expressions for the outer raljysand for the inner radius
R;, (in the annular phag®f the eigenvalue distribution of the non-Hermitian maigixand for the
corresponding boundary valuggR,,) and p(R;,) of its eigenvalue density, in terms of the
moments

(0= [ dooio) (=01,.)
of the eigenvalue distributiofi(o) of the Hermitian matrixg’¢. Thus, we find that
Rgut:<‘7>!

and

2
Rout

p(Row) = m

We see thaRf,ut is simply the average af, and the densitp(R,,) is inversely proportional to the
variance ofa.
Similarly, we find that in the annular phase,

z-()
R% o

2R;.®
p(Rin) = (e D—(o D2

and

Thus,Ri;2 is simply theo ! moment ofp(o), and the density(R,,) is inversely proportional
to the variance ofr 1.

In Sec. IV we verify that the explicit analytic expressions in Ref. 4 concerning the quartic
ensembleV/(¢Tp)=2m?¢"¢+g(d'$)? are consistent with the results of Sec. IIl. We also com-
pare these analytic predictions with results of Monte Carlo simulations of the quartic ensemble for
various values ofm? andg. The numerical results we obtained for the eigenvalue distribution in
the disk phase and in the annular phase, as well as some quantitative features of the disk-annulus
transition, are in good agreement with the analytic predictions in Ref. 4.

The “single ring theorem” may seem surprising at first sight. Our explanation of why the
single ring theorem is not that surprising rests upon the simple argument that fragmentation of the
eigenvalue distribution of'¢ into several disjoint segments does not necessarily imply that the
eigenvalues ofp trace out annuli obtained, loosely speaking, by revolving the segments of the
eigenvalue distribution of' ¢ into the complex planésee the discussion in Sec).lln Sec. V we
carry a numerical check of the “single ring” theorem for the sextic potentigh’¢)=m?¢' ¢
+ (M2) (¢T)?+ (9/3) (¢ ¢)3, which is the potential of lowest degree for which the eigenval-
ues ofp ¢ may split into more than a single segméntthis case, two segments at the mogte
generated numerically an ensemble in which the spectrunp’ef is split into two separated
segments, yet we found that the spectrungdéd a disk, and not a configuration of a disk encircled
by a concentric annulus, as one would perhaps naively expect by rotating the two-segment spec-
trum of ¢'¢ in the complex plane.

In the Appendix we briefly review the multi-cut phase structure of matrix ensembles with
genericV(¢'¢), and then specialize to the phase structure of the sextic potential ensemble.
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II. THE METHOD OF HERMITIZATION AND NON-GAUSSIAN ENSEMBLES

Here we very briefly summarize the “method of Hermitizatiot"in the form of an algo-
rithm, followed by a general discussion of the phase structure of the eigenvalue distribution.
Let us first introduce some notations and definitions. The averaged density of eigenvalues

1
p(xy)=( 52 dx—Rex)a(y—Imx)) 2.9
of the non-Hermitian matrixp may be determined from the the Green’s function associated with
¢, namely,
1 1 p(x",y")
*\— ( — 21 7N 7 7
G(z,z%) <Ntrz—¢> fd X e (2.2
in terms of which*
1
p(X,y)= ;(7* G(z,z%). (2.3

The probability distributiong1.1) studied in this article are invariant undér—e'“¢, rendering

p(X,y)=p(r)/2m 2.4

circularly invariant. Rotational invariance thus leads to a simpler form of the defining formula
(2.2) for G(z,z*) which reads

y(r)EzG(z,z*)zfor’dr’p(r’), (2.5
and thus
1dy
P(f)=rm- (2.6

Clearly, the quantityy(r), which can be thought of as the integrated eigenvalue density, is a
positive monotonically increasing function, which satisfies the obvious “sum-rules”

y(0)=0 and y(®)=1. 2.7)

In particular, observe that the first condition (B.7) insures that naS(x) 5(y) spike arises in
p(x,y) when calculating it from(2.3) with G(z,z*) given by(2.5), as it should be.

It was shown in Ref. 4 that by applying a simple trick, the desired Green’s function of a
non-Hermitian random matrix could be obtained with a minimal amount of work, by judiciously
exploiting the existing literature on random Hermitian matrices. The algorithm, according to Ref.
4, for finding the Green’s function and the averaged eigenvalue density of a non-Hermitian ran-
dom matrix ¢ drawn from a non-Gaussian ensembBleg)=(1/2)e N™V(¢'9) [Eq. (1.1] is as
follows:

Start with the Green’s function

Ef%(")d", 2.8

o W—o

1 1
F(W) = <Ntr(N)W_ ¢T¢>

where
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1
Bl =t = ¢ 8)) (2.9

is the averaged eigenvalue densitygdfp. [Of course F(w) is already known in the literature on
chiral and rectangular block random Hermitian matrices for the Gaussian distribtitton’ as
well as for non-Gaussian probability distributions of the fofhil) with an arbitrary polynomial
potential V(' ¢).8~2% Then, the desired equation fe{r)=zG(z,z*) is

=0. (2.10

r2
y[rzF(;—l)_“l

Thus, givenF one can solve fory(r) using this master equation.

Equation(2.10 is an algebraic equation fop(r) and thus may have sevemldependent
solutions. In constructing the actug{r) one may have to match these solutions smoothly into a
single function which increases monotonically fropi0)=0 to y(«)=1. An explicit nontrivial
example of such a procedure is the constructiop(@} in the disk phase of the quartic ensemble.

A remarkable property 0f2.10 is that it has only twa -independent solutionsy=0 and
y=1.%Since the actuaj(r) increases monotonically from(0)=0 to () =1, we immediately
conclude from this observation that there can be no more than a single void in the eigenvalue
distribution. Thus, in the class of models governedRtyp) = (1/z) e N"™V(¢'® [Eq. (1.1)], the
shape of the eigenvalue distribution is either a disk or an annulus, whatever polynomial the
potential V(') is. This result is the “single ring theorem” of Ref. 4.

The “single ring theorem” may appear counter-intuitive at first sight. Indeed, consider a
potentialV(¢'¢) with several wells or minima. For deep enough wells, we expect the eigenvalues
of ¢'¢ to “fall into the wells.” Thus, one might suppose that the eigenvalue distributios tf
be bounded by a set of concentric circles of rad#1Q<r,<---<r, , separating annular re-
gions on whichp(r)>0 from voids(annuli in whichp(r)=0.) A priori, it is natural to assume
that the maximal number of such circular boundaries should grow with the degkéebefcause
V may then have many deep minima. Remarkably, however, according to the “single ring theo-
rem” the number of these boundaries is two at the most.

To reconcile this conclusion with the priori expectation just mentioned, note that while the
eigenvalues of the Hermitian matri#’¢ may split into several disjoint segments along the
positive real axis, this does not necessarily constrain the eigenvalug#sslf to condense into
annuli. Indeed, the Hermitian matrix’ ¢ can always be diagonalizeti’ ¢=UTA?U by a unitary
matrix U, with A?=diag? \3,...\2), where the\; are all real. This implies that=V'AU, with
V a unitary matrix as well. Thus, the complex eigenvaluesgpaire given by the roots of det(
—AW)=0, with W=UV". Evidently, asW ranges ovet) (N) (which is what we expect to happen
in the generic cagethe eigenvalues oAW could be smearefn the sense that they would not
span narrow annuli around the circlegg=|\;|.)

The last argument in favor of the “single ring theorem” clearly breaks down wWivdails to
range ovelJ (N), which occurs when the unitary matricesandV are correlated. For example,
¢ may be such thaw=UV" is block diagonal, with the upper diagonal block beindl & K
unitary diagonal matrix diag(“s,...€“%) (and withK a finite fraction ofN). In the extreme case
K=N, in which W is completely diagonal,W=e'“=diag@®s,...€“N), we see that¢
=UTe'“AU is anormal matrix (i.e., [ ¢,¢']=0), with eigenvalues diag’\,,...€“N\y). Thus,
normal matrices, or partially normal matricéise., the caseK<N), evade the “single ring”
theorem: if the firsK eigenvalue&i,)\g,...,xﬁ of ¢'¢ split into several disjoint segments along
the positive real axis, the corresponding eigenvalueé wfill split into concentric annuli in the
complex plane obtained by revolving thosesegments.

As a concrete demonstration of the latter qualitative discussion corididgwith ¢ a normal
matrix. According to the previous paragraph, we may diagonalize our normal matrig as

Downloaded 09 Oct 2008 to 169.237.43.201. Redistribution subject to AIP license or copyright; see http://jmp.aip.org/jmp/copyright.jsp



J. Math. Phys., Vol. 42, No. 12, December 2001 “Single ring theorem” 5723

=U"ZU with complex eigenvalueZ =diag@,.,...zy), andU a unitary matrix. Thus¢$ may be

considered as a Hermitian matrix whose eigenvalues were continued into the complex plane. Thus,
the partition function associated witt.1) for ¢ normal?*

N
Z= kl:[l dzzkiE[j |zi—zj|zexp—NZ V(|zi|?), (2.1

is a trivial generalization of the partition function of Hermitian matrices, where the complex
eigenvalues form a two dimensional Dyson gas. It is expressed purely in terms of the complex
eigenvalueg; , contrary to ensembles of complex matri¢gsl) with a generic potentiaV. [With

the exception, of course, of Ginibre’s ensemblle ¢' ¢, for which the diagonalizingsL(N)

matrix can be integrated out explicitly, yieldin@.11).] Clearly, if V(|z|?) had several well
separated and deep minima, thewould fall into them, and in principle produce an arbitrary
number of eigenvalue rings, depending \6nThus, normal matrices evade the single ring theo-
rem.

Normal, or partially normal matrices, are, of course, extremely rare in the ensembles of
non-Hermitian matrices, studied in this article, and do not affect the “single ring” behavior of the
bulk of matrices in the ensemble.

We end this section by showing how simple feature& @#) indicate whether the domain of
the eigenvalue distribution is a disk or an annulus. As is well knbwW?°for V a polynomial of
degreep, the Green's functior-(w) is given by

F(w)= 3V’ (w)—P(w)y(w—a)(w—b), (2.12
where
p—2
P(w):k_z_1 c Wk, (2.13

(Here we assume for simplicity that the eigenvaluegbp condense into a single segméatb].
Discussion of condensation gf' ¢ eigenvalues into more segments appears in the Appedir.
real constants €a<b and c, are then determined completely by the requirement En@t)
— 1w asw tends to infinity, and by the condition thB{w) has at most an integrable singularity
asw—0. Thus, ifa>0, inevitablyc_,=0. However, ifa=0, thenc_, will be determined by the
asymptotic behavior fow large.

According to the “single ring” theorerfi the eigenvalue distribution af is either a disk or an
annulus. The behavior ¢f(w) asw~0 turns out to be an indicator as to which phase of the two
the system is in, as we now show:

A. Disk phase

In the disk phase we expect tha{0)>0, as in Ginibre’s case. Thus, froif2.6) p(r)
=(1/r)(dy/dr)=2(dy/dr?) and from the first sum rule(0)=0 in (2.7) we conclude that

y(r)~3p(0)r? (2.14)

nearr =0. Therefore, for small, (2.10 yields

4
F(—p((;)r +---)~—i2, (2.15
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namely,F(w)~ 1/yJw for w~0, as we could have anticipated from Ginibre’s c&s€his means
that in the disk phase we must set0 in (2.12. Consequently, in the disk phase; does not
vanish. We can do even better: paying attention to the coefficient2.1® and (2.13 (with a
=0) we immediately obtain froni2.15 that

[p(0
C_1= %b) (216)

B. Annular phase

In the annular phase(r) must clearly vanish identically in the inner void of the annulus.
Thus, (2.10 implies thatF(w) cannot have a pole at=0, and therefore fron2.12 we must
have c_;/ab=0. Thus, the annulus must arise for;=0 (the other possible solutiom
=0, c_,#0 leads to a disk configuration with=0 only atr =0, as we just discussed.

Thus, to summarize, in the disk phasehas the form

1 0
Fdisg(w)ziw(w)—( \/%W_1+CO+C1W+'"+Cp_2Wp_2 Jw(w—b), (2.17)
while in the annular phase it has the form

FannuuéW) = %V,(W) —(Cotcyw+---+ Cp-2 Wpiz) V(w—a)(w—Dh). (2.18

Having determinedr(w) in this way, i.e., having determined the various unknown parameters in
(2.17 orin (2.18), we substitute it intg2.10 and findG(z,z*). We can thus calculate the density
of eigenvaluep(r) explicitly for an arbitraryV.

We now turn to the disk-annulus phase transition. An important feature of this transition is that
F(w) is continuous through it. To see this we argue as follows: By tuning the couplingswe
can induce a phase transition from the disk phase into the annular phase, or vice versa. Note, of
course, that we can parametrize any point in the disk phase either by the set of couplhgs in
by the set of paramete{s_;,Co,...,.C,—5;b} in (2.17). The “coordinate transformation” between
these two sets of parameters is encoded in the asymptotic behawdm)f Similarly, we can
parametrize any point in the annular phase either by the set of couplingsomby the set of
parametergcy,Cy,...,Cp-2:a,b} in (2.18. Due to the one-to-one relatigin a given phase, once
we have established it is the stable pietween the couplings iV and the parameters in
F(w)— 3V’(w) [namely, thec,’'s and the locations of the branch points B{w)], we can
describe the disk-annulus transition in terms of the latter param@bstead of the couplings in
V). Clearly, the transition point is reached from the disk phase wi{én=0, that is, wherc_;
in (2.17) vanishes:

c=0. (2.19

Similarly, the transition point is reached from the annular phase when the lower brancla point
(2.18 vanishes. Thus, e.g., in a transition from the disk phase into the annular phagey) in
(2.17 would cross-over continuously int®,,,uudW) in (2.18 through a critical form

Fer(w) = %ng(w) - (Cgrit+ Ctl:m W=+ CE,TQ wP™2) Jw(w—b°). (2.20

The continuity ofF(w) through the transition was demonstrated explicitly in Ref. 4 for the quartic
ensemble/(¢p)=2m2pTp+g(4'p)? (see also Sec. IV

This discussion obviously generalizes to cases whén) has multiple cuts, which corre-
spond to condensation of the eigenvaluespdé into many segments. /=0 is a branch point
of F(w), that is, if the lowest cut extends to the origin, we are in the disk phase,
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Fais W)= 3V (W)= (1w 4+ Co €y W+ ¢, WP~ 2) W(W—Dby)- (WD),

(2.20)

with 0<b;<---<b,. The relation(2.16 then generalizes to

p(0)
C1= \/2( 1)n+1Hn bk (222'

Sincec_; must be real we conclude that such a configuration exists only fmtd.
If the lowest branch point ifF(w) is positive, we are in the annular phase with

FannuudW) = 2V (W) = (Co+Cy W+ +cp o WP™2) J(w—a)(w—by)---(W—b,). (2.23

The phase transition would occur when the couplingg(ish ' ¢) are tuned such thé&t g (w) and
F annuiud W) match continuously, as was described in the previous paragraph.

IlI. BOUNDARIES AND BOUNDARY VALUES

Remarkably, with a minimal amount of effort, and based on the mere definitibifvof [Eq.
(2.8), which we repeat here for conveniemce

1 1 £ d
F(w)= < trg ¢T¢> fo pv(vg_)aa, 3.1)

we are able to derive simple expressions for the location of the boundaries of the eigenvalue
distribution and also for the boundary valuespgf) in terms of the moments @f( o), which, we
remind the reader, is the density of eigenvalues for a Hermitian matrix problem.

To this end it is useful to rewrite our master formual0 for y(r) as

wWF(w) =1y (3.2
with
w= — (3.3

We start with the outer edge= R, (either in the disk phase or in the annular phpd&ear the
outer edgey—1—, and thusw— —oo. We therefore expanB(w) in powers of 1w and obtain
from (3.1)—(3.3

12
<;L> 4 <0'2> yz 6) (a3 +:=1, (3.9

where

()= J:ﬁ( o)o’do (3.5

are the moments &b(o) (which is of course normalized to).1For the class of models we are
interested in here, all the moments®), k=0 are clearly finite[p(o)=(1/7)ImF(o—ie) is
supported along a finite segmefdr segments and its singularity air=0 is no worse than
o~ Y2] Thus, at the outer edge=R,,; [Where of coursey(Ry,)=1], all terms with(c*), k
=2, drop out of(3.4) and we obtain

Rou=(0). (3.6
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Namely, R2 , is simply the first moment g (o).

We now calculate the boundary valpéR,,) . ApproachingR,, from the inside, we substitute
y=1—f and r?=R%(1-6) (with f,6<1) in (3.4. After some work we obtainf
= (0)?I[(0?)—(0)?] 6+ O(5%), namely,

() .
y=1 m5+0(5 ). (3.7

Thus, fromp(r)=2(dy/dr?) [Eq. (2.6)] and(3.6) we find

2R?

out

p(Rou) = (D ()2 (3.8

The densityp(R,,y is inversely proportional to the variance of

For thep(o) under consideration herég?), and consequentlp(R,,), are always finite.
Outside the boundary(r) vanishes identically, of course, and, thygr) always “falls off a
cliff” at the boundary, for all probability distributions of the forrf1.1) with V polynomial. It
would be thus interesting to study circularly invariant matrix ensemblgs’¢) such that the
eigenvalue distributio(o) of ¢'¢ has a finite(o) but an infinite(o?). Then p(Ry,) would
vanish. This would naturally raise the question whether in such situatigny,behaves univer-
sally near the edgihat is, if near the edge it vanishes lik@;—r) € with e being some universal
exponent We do not pursue this question further in this article.

We now turn to the annular phase, and focus on the inner edge,, of the annulus.
According to the discussion at the end of Sedske Eq(2.18 and the discussion preceding, it
a>0 in (2.12, and thus=(w) is analytic in the domaiiw|<a. Expanding(3.1) in powers ofw,
we obtain from(3.2)

1-y 1\ /1 5 1 39
r2 - ; =W ? +w ; + . (3.9
A little above the inner radius, into the annulus, cleayh»0 andw—0— in (3.3). Thus, setting
w=0 in (3.9 we obtain
1 /1 31
R%_ o’ (3.10

R,,% is simply theo ! moment ofp(o).

We can now calculate the boundary valp€R;,). Near the inner edge we parametrize
=R§1(1+ 8) with 6<1 (and of coursey<1 to begin with. Sincep(o) obviously vanishes for
o<a, all moments o ¥) in (3.9) are finite. Thus, dropping all terms witle—*), k=3, in (3.9),
we obtain after some work

= R_—4—2—25 +O(6%) (3.1)
Y= Nin (o7 —(c7 1) ‘ '
It then follows from(2.6) and(3.10 that

2R, ®
p(Rin) = (o 5—(o B2 (3.12

The densityp(R,,) is inversely proportional to the variance of .

From (2.12 [or (2.18] we learn that in the annular pha®g,u{o)= (1/7)ImF(oc—ie)
=polynomial(e) J(c—a)(b—0), 0<a<o<b (and vanishes elsewhere.Thus, (1/c")
Efg(ﬁ(o)/ak)do, k= 1,2, are finite. Thereforgy nnuudr) jumps from zerdin the inner void of
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the annulusto a finite value at the inner edd®,. Note, however, that whea— 0, that is, in the
annular to disk transition(1/c") remains finite, bu{1/0?) diverges like 1{/a. [For a particular
example, see Ed4.18.] Thus, from(3.10 we see thaR;,,.(a=0), thecritical inner radius, is
finite. The annulus starts up with a finite inner radius. Also, in this limit, we see {®h®) that
p(R,,)) vanishes likeya. As we approach the annulus-disk transition, the discontinuigy(in at
the (finite) inner edge disappears.

We saw at the end of Sec. [lsee Eqs(2.17—(2.20] that F(w) is continuous through the
disk-annulus phase transition. Thus, our master fornufig§w) = y to determiney(r) [Eq. (3.2)]
is also continuous through the transition. Consequepily) = (1/r)(dy/dr) must remain con-
tinuous through the disk-annulus transition, and feisthe transitioh the universal behavior
described in the previous paragraph.

IV. PHASE TRANSITIONS IN THE QUARTIC ENSEMBLE

The disk-annulus transition in the quartic ensemble

V(g'g)=2m?¢'p+g(¢'$)? (4.1

was studied in detail in Ref. 4. The annular eigenvalue distributign,.(r) and the disk eigen-
value distributionpgs(r) for this ensemble were calculated explicitly in Ref. 4. According to the
expressions given in Ref. 4, as the critical point is approached from the annular phasetr)
behaves precisely as described in the paragraph followindE#2) at the end of the previous
section[see also Eq(4.13, at u=pu..] Also according to Ref. 4, as the critical point is ap-
proached from the disk phasey(r) gets completely depleted inside a region of rad®$«.)
[remaining continuous at=R;,(u.)]. [See Eq.(4.20.] Thus, p(r) for the quartic ensemble is
continuous through the disk-annulus transition.

In this section we verify the expressio(&6), (3.8), (3.10 and(3.12 for Ryy, p(Roud, Rin
andp(R;,) for the quartic ensembi@.l) against the explicit expressions for these quantities given
in Ref. 4, and also provide ample numerical results concerning the disk phase, the annular phase,
and the transition between them, in support of the analytical results. In what follows we have
omitted many technical details that can be found in Ref. 4.

A. The disk phase

For m?> — \2g the density of eigenvalues is a disk. According to Ref. 4 we have

c
F(w)=m?+gw— W+g)\/w(w—b) (4.2)
with
2m?+ \ym*+6g —2m?+2ym*+6g
¢c=———>—— and b= 39 . 4.3

According to Eqs(5.8) and(5.9) in Ref. 4, the eigenvalue density in this phase is

b bc?—(m?+2gr?)[1+2(m?r2+gr*)]
1) =2m2+4gr2+2(s r{——r2> 4.4
Pasi(T) g 92 V[1+2(m?r?+gr*)]?—4bc?r? “-9
inside a disk of radiu®,,, where
bc?—2m?  (m*+6g)%?—m?(m*+9g)
2 = . (4.5

out™ Zg 2792

Thus, from(4.4) and (4.5 we havé®
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o 4gbc-2m?) 4gR3,
Pais Rou) = 2g—bc?(bc®—2m?)  1-2R2(gR5,+m?)’

(4.9

These results should be compared with the predictions of Sec. Ill. dnwe can read-off the
density of eigenvaluep(o) = (1/m)Im F(o—i€) of ¢'¢ as

Vo(b—o) (4.7

- 1 C+
P(U)—;; g

for O=<o=<bh, and zero elsewhere. We can readily check thaf) is properly normalized to 1.
The first two moments of4.7) are

1/b\? gb\ (m*+69g)¥?—m?(m*+9g)

<">—z(§) (” 7)— 2797 ' 48
and

1/b\* 8c 279°+18gm*+2m8—2m?(6g+ m*)3?

<0‘2>=§(§) (F‘f‘ )Z 5493 . (4.9
Thus,
b3
(02)—(a>2=—ﬁ[4bcz+bg(bzg—10)+4c(bzg—4)]
29793+ 1089°m*— 18gmP— 4m*'2— 2m?(9g— 2m*)(6g+ m*)3/?

Comparing(4.5) and (4.8) we immediately verify(3.6), Rgut=(a>. After some additional work,
using (4.10 and (4.5 in (3.8, we can see that3.8), namely, thatp(Rom)=2R§u{(<02>
—(0o)?), coincides with(4.6).

1. Numerical results for the disk phase

We have generated numerically random matrix ensembles corresponding to the quartic poten-
tial (4.1) in the disk phase, fom?=1 fixed and for various values of the coupligg(and for
various sizes of matricgsand measureggg(r) for these realizations.

The generation of the matrices was done by a standard Metropolis Monte Carlo approach. A
random change had been suggested in the real and imaginary parts of one of the eleanis of
then the change iV(¢) was evaluated. This “move” was accepted unconditionallyifvas
decreased, and with probabiliy=e~ 2V if V was increased. General theorems on Monte Carlo
then guaranteed that the resulting probability distributiongofvas the desired one. After the
matrices were generated, their eigenvalues were determined with a standard solver from the
LAPACK library. We tuned the size of the suggested changes so that the acceptance rate was
about one-half, and monitored the equilibration and autocorrelation times to ensure our starting
configuration had evolved properly and error bars were accurate. In particular, the local changes in
¢ made the matrices correlated over some number of random changes, however, local changes
also allowed one to employ various tricks to evaluate the chanyerapidly.

In Fig. 1 we display our numerical results fogig(r) for 128x 128 dimensional matrices, and
compare them to the analytical larderesult(4.4) of Ref. 4.[As a trivial check of our numerical
code, we also included in this figure the results for the Gaug§aribre) ensemblg. Evidently,
the agreement between the numerical and the analytical results is good. Note thi #fiiéets
near the edge of the disk.
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r

FIG. 1. Comparison between Monte Carlo measurements of the density of eigernwaljesf matrices¢ of size 128
X 128, taken from the quartic ensemMég’ ¢) =2m?¢ T+ g( ' $)? with m?=0.5 (disk phasgand forg=0, 0.5, 1, 2,
4 (g increases from bottom to thpcompared to the analytical results of Ref(s¢lid lineg. At g=0 we obtain Ginibre’s
Gaussian ensemble witi= ¢ "¢, with its unit disk of eigenvalues.

B. The annular phase

For m?< — 2g, the stable eigenvalue distribution is annular. For convenience, let us switch
notations according tm?= — 2, and also writeu?=\/2g.
According to Ref. 4 we have

F(w)=m?+gw—gy(w—a)(w—Db) (4.12)

2 2 2 2
a='“—— \ﬁ and b='u—+ \ﬁ (4.12
g g g g

We see that=(2/ul)(u?— w2 which is positive foru?>u2, as it should be, by definition.
According to Eqs(5.16—(5.19 in Ref. 4, the eigenvalue density in this phase is

with

2 2
2 5 M
p gr)=8g(r2——)=89(r - (4.13
annulu 2g Mé
inside an annulu®,<r<R,,, where
, M u-2g  pP+pt—pg
Ri=— = . (4.14
g M
and
2 2
Mmoo 2u
Rgngz e (4.15
Cc
Thus, we see immediately that
p(Rin) =4\ u*— g
(4.19

P(Row) = 4M2-
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Note thatp(R;,) =0 at u=u., as expected. Also note that the critical annulus has a finite inner
radius:R2(ue) = 1/u?>0.

We now compare these results with the predictions of Sec. Ill. Rrebdl) we read-off the
density of eigenvalues ap'¢:

B(o)= 2 lo-a)b-o) 4.17)

for a<o=<b, and zero elsewhere. We can check tt#al?) is properly normalized to 1.
The relevant moments @#.17) are

(9= [ 2ED|(bza)
9772172 2 R
g/b—a\*/b+a\? 1] wu* 1
A =
<(T>_2 2 b-al "4 gz+29’
(4.18
1 g 2 2 4
= 25(\/6—\/5) =p—Vu"—29

"2 Jab 0 Va2

Comparing(4.14), (4.19 and the first and third equations (#.18), we verify (3.6) and(3.10
straightforwardly.
Further, we find from(4.18 that

1
() (0)=5g
(4.19

Thus, comparing witl{4.16) we find that

2R?

out

(Do 4p%=p(Roy)
and

2R °
(75 =(o™%)
and verify (3.8) and(3.12 for the annular phase.

=4\ = pc=p(Rn),

1. Numerical results for the annular phase

In Figs. 2a)—2(c) we display our numerical results fpg,n,u{r) for matrices of various sizes,
and compare them to the analytical lafgeresult(4.13 of Ref. 4. In these figures we hold?
=0.5 fixed, and increasgfrom 0.025 to 0.1(Here we have.?=0.5= u2/2\/2g. Thus increasing
g as indicated in the text brings us closer to the disk-annulus phase transition.
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N=64,128,256
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FIG. 2. Results of Monte Carlo measurements of the density of eigenva{up®f matricese of sizes corresponding to
N=64, 128 and 256, taken from the quartic ensemble witl= — x?= —0.5 (annular phasefor various values of the
quartic couplingg=0.025 in(a), g=0.05 in(b) andg=0.1 in(c). These are compared to the analytical results of Ref. 4
(solid lineg. As N increases, the numerical results converge monotonically to the analytical results.

C. The disk-annulus phase transition

The phase boundary separating the disk phase and the annular phaseir-th@lane is the
curvem?= — \/2g.

Consider approaching this boundary from within the disk phase by settfrg— \2g+ 5,
with & positive and small. Then, usin@.3), we find to first order iné that c=46/2 andb
=24(2/g)— &6/g. In particular, at the phase boundary itse# 0, in accordance witli2.19 and
(2.20. It was shown in Ref. 4 that as one approaches the critical pafirt— \/2g from the disk
phase, the density of eigenvaluesdofipproches the particularly simple critical configuration

0, r2<1if2g
peid(r)= ( , 1 ) (4.20
8g| r2— —|, 1N2g<r?<\2/g.
V2g

Thus, as we decreag®o zero,pgig(r) [Eq. (4.4 ] becomes increasingly depleted inside the disk
r2<b(4)/4, reaching complete depletion & 0, at which point the disk breaks into an annulus.
We also note that at the phase bound@y) reads

F(W)=—\/E+gw—ng<w—2\/§). (4.21

Consider now approaching the phase boundafy: — \/2g from within the annular phase. Thus,
we setu?=\2g+ 8, with & positive and small. Then, since all the expressiongit?) are linear
in 2, we find thata= /g andb=2./(2/g) + 6/g. In particular, at the phase boundary itsalf
=0, andb=1/\/2g. Therefore, at the phase boundayl1l) reads

F(w)=—\2g+gw—g \/W(W—Z\/g),

which coincides with(4.21). Thus, F(w) (and consequently, the eigenvalue densitydth) is
also continuous at the transition, in accordance \&ti20).

Note from (4.14 and (4.15 that at the transitionR2=1/u2=1/\/2g is finite, and coincides
with the radius(squared of the depleted region in the disk configuratich20. Right at the
transition, the disk breaks into an annulus with a finite hole! Note alsoRBgt 2/u2=\/2/g,
which coincides with the disk’sRﬁut at the phase boundary. Thus, at the phase boundary
= ,uﬁ (4.13 coincides with(4.20, namely,p(r) is continuous at the transition from the disk phase
to the annular phase.
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FIG. 3. Monte Carlo measurements of the density of eigenval(els of matrices¢ of size 128128, taken from the
quartic ensemble witl?=0.5 and forg=0.025, 0.05, 0.1, 0.125, 0.15 and 0.1(@5ncreases from right to left The first
three profiles on the rightorresponding to the three lowest valuegpevidently belong to the annular phase. The fourth
density profile from the right is the critical on@orresponding tag.=0.125. Finally, the last two profilegwhich
correspond to the two higher values gy belong to the disk configuration.

1. Numerical simulation of the disk-annulus phase transition

We have measured the density of eigenvaju@s of matricese of size 128< 128, taken from
the the quartic ensemble with?=0.5 and forg=0.025, 0.05, 0.1, 0.125, 0.15 and 0.175. The
results are displayed in Fig. 3.

For these values af, we start in the annular phase at the lowest valug.ofor our set of
parameters we have’=0.5= 12/2\/2g. Thus, increasing (while keepingu? fixed at 0.5 brings
us closer to the disk-annulus phase transition, which odairgrgeN) at g.=0.125. Increasing
g beyond that, puts us into the disk phase.

The first three profiles on the right in Fig. 3 belong to the annular phase. Their behavior is
consistent with our discussion in Sec. IV B of the annular phase. Indeegfjreseases towards
the transition point ag.=0.125, these three graphs exhibit the expected decreal§§,:9(,u2
+ =l ul [Eq. (4.14, with u2=\2g] and the decrease &2,=2u% u’ [Eq. (4.15)].

The critical density profile, corresponding gg=0.125, is the fourth profiléfrom the righj.

For our choice of parameters, the theoretical boundary radii of the critical annulus, ig., at
=0.125, areR{"=1/u.=v2 and RS=v2/u.=2. These boundary values fit nicely with the
features of the critical profile in Fig/ 3.

Finally, the last two profiles in Fig. 3 have pronounced tails extendimgtd and thus belong

to the disk phase.

V. PHASE TRANSITIONS IN THE SIXTH ORDER POTENTIAL AND THE “SINGLE RING”
THEOREM

The sextic potential

A
V(61 6) =21+ 3 (6 6)%+ 5 (8 )’ 5.

is the potential of lowest degree {a.1) for which the eigenvalues ap'¢ may split into more
then a single segment. In fact, it is easy to see that there can be at most two eigenvalue segments
in the spectrum o' ¢.

The qualitative features of the support of the eigenvalue density associate(bwjtiban be
deduced by moving the cubi¢(x) = m?x+ (\/2) x>+ (g/3) x® around in the plané.e., by vary-
ing its couplings, fixing, sag=1), and concentrating ox=0. It is obvious from such consider-
ations that there are three qualitatively different phases in the spectrufidaf In two of the

Downloaded 09 Oct 2008 to 169.237.43.201. Redistribution subject to AIP license or copyright; see http://jmp.aip.org/jmp/copyright.jsp



J. Math. Phys., Vol. 42, No. 12, December 2001 “Single ring theorem” 5733

Im()\;—) [

Re()\¢) s

FIG. 4. Scatter plot of the eigenvalues of matrigesf size 32<32, taken from(5.1) with m?>=7.372,\=—6.116 and
g=1.372 (left), and the corresponding density of eigenvaligés) of ¢'¢ (right). The solid line on the right is the
analytical curve corresponding t#22). The support ofp(s) is split into the two segmentf0<s<a=1}U{b=2=<s
<c=23}, while the support op(r) on the left is manifestly a disk.

phases the eigenvalussof ¢'¢ live in a single segment. In one of these single segment phases,
the segment includes the origin€&=<a), but in the other it does not Qa<s<Db). Following

the general discussion in the last part of Sec. Il, we would expect that the spectiiitseff is

a disk in the first case, and an annulus in the second case.

In the third phase ofpT¢, there are two segments, one of which hits the oridi<(s
<a}U{b=<s=c}). (There is no two-segment phase ®f¢ which does not include the origin.
Thus, according to the discussion in the last part of Sec. Il, the non-Hermitian rpatriexpected
to be in the disk phase in this cagather than having its eigenvalue fill in a disk surrounded by
a concentric annulysin accordance with the “single ring” theorem.

In this short section we limit our discussion to the two-segment phasg’ef [A rather
detailed sketch of the analytical conditions that determine the whole phase structure of the sextic
ensemble(5.1) is given in the Appendi¥. Our purpose here is to demonstrate numerically the
“single ring” Theorem for the eigenvalue distribution of matriceéstaken from the sextic en-
semble(5.1). To this end, we have to identify points well within the phase in which the eigenval-
ues of ¢T¢ split into two segments.

We used the formalism of the Appendix to choose two ensembles in the two-segment phase of
¢, for which we verified that the eigenvalues gf formed a disk. The results for these
ensembles are displayed in Figs. 4 and 5.

Figure 4 shows the scatter plot of the eigenvalueg tdgether with the density of eigenval-
uesp(s) of ¢ ¢ for (5.1) with couplingsm?=7.372, A= —6.116 andg=1.372. As can be seen
on the right part of Fig. 4, for these couplings, the eigenvaluegaf live in two separated

Re(hy) s

FIG. 5. Similar to Fig. 4, but witm?=6.403,\ =4.184 andy=0.713. The support §(s) is split into the two segments
{0ss<a=1}U{b=3=<s=<c=4}, while the support op(r) on the left remains a disk.

Downloaded 09 Oct 2008 to 169.237.43.201. Redistribution subject to AIP license or copyright; see http://jmp.aip.org/jmp/copyright.jsp



5734 J. Math. Phys., Vol. 42, No. 12, December 2001 Feinberg, Scalettar, and Zee

segments{f0=s<a=1}U{b=2=<s<c=3}. The solid line there is the large theoretical curve,
which was plotted according to the analysis we have described in the Apdeeeithe discussion
following (A20)]. Evidently, the spectrum o# is a disk, despite the split support p{s), in
accordance with the “single ring” Theorem.

Figure 5 is similar to Fig. 4, but fof5.1) with couplings m?=6.403, A\=4.184 andg
=0.713, for which the eigenvalues @f'¢ live in the segment§0<s<a=1}U{b=3<s=<c
=4}. The spectrum o remains a disk, even though the two segments of the suppp(spfare
more separated than in Fig. 4.
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APPENDIX: THE PHASE DIAGRAM OF A GENERIC V(¢'¢)

In this Appendix we briefly review the necessary theoretical aspects of multi-cut phases of
¢T¢. The first part of our discussion will apply for a generic polynonViétp™¢). Then, in the
second part of the Appendix, we will specialize to the sextic potefid).

The following discussion is an adaptation and application of the ideas of Ref. 24 to non-
Hermitian matrices. For a more detailed discussion of Hermitian and non-Hermitian random
matrix ensembles with multi-cut eigenvalue distributions, see Ref[R&.a side remark, we
mention at this point the recent interest in the surprising nonuniversal large distance behavior of
the (smoothed connected two-point functidhin matrix models with multi-cut eigenvalue distri-
butions]

For practical reasons, we eliminate sofoe all) of the couplings inv(¢'¢) in terms of the
end-points of the segments containing the eigenvalue distributiaf’ #f and use the latter as
(part of) the coordinates in the phase diagram. In this way we can find rather easily which
couplings inV(¢'¢) are needed to generate an eigenvalue distributiop’@f with a prescribed
set of support segments.

1. A generic potential V(' )

The saddle-point equation governing the Dyson gas of eigenvalug$dgfs'®?°
ReF(s—ie)=3V'(s). (A1)
By definition[see Eq(2.8)]
F(w)= ! <t|’(N)—1-r_> %% < > (A2)
= \w—s,

(wheres; are the eigenvalues @' ¢). Thus, as usual,

! > +iap(s), (A3)
—Sj

F(s—ie)=P.P E<

wherep(s) is the density of eigenvalues ¢ff ¢.
In order to study multi-cut configurations p{s), we also need the auxiliary functith

G(s)=JS AV (@)= 2F (i), (A4)
al>
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In the last equatiom, is the lowest branch point ¢f(w). Thus, from(A3) and(Al), we see that
for s real and in the support of eigenvalues,

G(s)=—2ni J:TJ(M)dM (A5)

is pure imaginary— Im G(s)=27p(s) is then positive and monotonically increasitend reaches
27 whens hits the largest branch pojnt
Stability of multi-cut distributionsHow do we know that a given distribution of eigenvalues
is stable against migration of eigenvalues from one place to another? To answer this question,
consider the Dyson gas energy functional

1
Serl P]= Lzoﬁ(S)V(S)ds—i L Oﬁ(S)ﬁ(u)log(s—u)zdde- (AB)

u=

A general variation ofA6) underp(s)—p(s)+ dp(s) is

5Seff[f>]=L>OV(S)5F)(S)dS— L OT’(M)|09(5—M)255(5)d5dM- (A7)

=
Moving an eigenvalue frong; to s; corresponds tadp(s)=(1/N)[ 6(s—st) — 6(s—s;)]. Thus,
from (A7) and (A4) (and after some wojkwe can show that such a move costs

1
ASerl p]= LG (s1) —G(si)] (A8)

in energy?* Such a rearrangement of eigenvalues costs energy only if
ReAS.«p]>0, (A9)

and therefor€A9) is the stability condition against such a rearrangement. Thus, a muFifeut,
where the eigenvalues coalesce intsegments

[a;,az]U[az,a4]U---U[az,-1,82],

would be stable against migration of eigenvalues between neighboring cuts if and ¢AB) if
would hold for all neighboring pairs of cuts, and in both directions. SiB¢s) is real on the
segments on the real axis that connect the cuts, this stability condition means

G(az)=G(ay), G(as)=G(ay), ..., G(az-1)=G(az-2). (A10)

In addition, of course, RE(s)<<0 cannot happen anywhere fee=0. Then—1 equationgA10)
comprise the desired stability condition for such an eigenvalue distribution. In addition to these
conditions, we have to make sure that along the cuts themsellr@sG(s)>0, which is just the
condition thafp(s) be positive.

The n—1 equations(A10), together with the obvious analytic properties Fofw) and its
asymptotic behavior

1
F(w)~ W (A11)
asw— o, determineF (w) uniquely. Indeed, as is well known, for a genevits ' ¢), in view of

(Al) and(A1l) (and as we discussed at the end of Se¢cH(w) (with n cutg must be of the form
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1 2n
F(W)=§V'(W)—P(W)\/|=l (w—aq), (A12)

where
_Ca [
P(w)= W + E W', (A13)

Herea;<a, --<a,, andc_,#0 only if a;=0 (see Sec. )l If a;>0, thenc_,=0, and thus in
such a case, there arm@’s) + (degV—n)(c’s)=n+degV independent parameters in the ex-
pression(A12) for F(w). On the other hand, there are dég¢; 1 conditions from the asymptotic
behavior(A11l) plus additionaln—1 conditions from(A10), which comprise a total of deg
+n conditions, equal to the number of unknown parameters. This balance remainsappears

in the game as an unknown parameter, becauseahe, so that the number of parameters does
not change. Finally, we have to remember to impose the positivity constraint

B(X)= %Im F(x—i€)=0, (A14)

which translates into a set of inequalities amongdhgandc’s.

A convenient local parametrization of the phase diagr&ecall, that the phases gf' ¢ are
specified by the number of segments in the suppoft(sf, i.e., the number of cuts iR(w) (and
whether these cuts have=0 as a branch point or ngfThus, instead of the usual description of
the phase structure in terms of the Wegouplings inV(4'¢), our strategy is to use deg
parameters out of ther2branch-points,,...a,,, of F(w) and the deB coefficientsc, (with the
total number dey first saturated by tha’'s in ascending order which we refer to as phase
coordinates’ to express(in a given phasethe couplings appearing M( ' ¢) [such asn? \ and
g in (5.1D], as well the as the,’s anda,’s complementary to the phase coordinate parameter set.
(See our discussion of the sextic potential in the next subsection for concrete examples of this
parametrization.

We have to be careful in giving the expressions for, say, the couplinys of terms of the
phase coordinates. This because for a given configuratiér{(wj, the equations from which we
are to eliminate the couplings df[such as the triach?, A andg in (5.1)] as functions of the phase
coordinates may have several solutigims other words, the couplings i are generally multi-
valued functions of the phase coordinates in a given phaseis, in a given phase, we must of
course choose the parametrization of coupling¥ which yields the minimaB4[p] appropriate
for that phase.

This alternative parametrization is more convenient for our purposes in Sec. V. Indeed, once
we are successful in expressing the couplingg s functions of the phase coordinates, it will be
very easy for us to tune the couplings\if¢'¢) to a generic point in a given phase and also to
approach the phase boundaries in a controlled manner. In particular, phase transitions appear here,
for example, when branch points collide and become e@aiadome common real positive value
a). This process removes twads and thus closes one cut{~n—1) but adds an additional term
to P(w). The number of unknown parameters drops by 1, but so does the number of stability
conditions(A10). In the other direction, we can obviously reach the same coexistence point, by
tuning the parameters d(w) to a point where it develops a linear factaw+ a)=/(w—a)?

(with a=0). Obviously, when these alternative phase coordinates approach a point on the coex-
istence surface from two different sides of the phase transition, the respective sets of couplings of
V, expressed as sets of functions of the two phase coordinate patches, coincide. Thus, they lead to
the sameSgq4{p], which means that such a point is indeed a point on the phase boundary.
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2. Results for the sextic potential

From (A12) and (5.1), the general form of (w) is

F(w)= 3(m?+xw+gw?)— P(w)+/polynomial. (A15)
a. Single cut, disk phase
Here

F(w)= %(m2+ AW+ gw?) —

Ww(w-—a). (A16)

S
—+t+uw
w

There is a single cut, sA10) is trivial in this case, andA14) holds manifestly. We need only
impose(All). In the end, we find

16—8as—2a’t
Uu=——3 ",
a
g=2u
(A17)
4a’t+8as— 16
A=2t—au= 2
a
2 os—at a’u_Bas—a’t—8
m-=ZSs—a T_T
The phase coordinates aset ands.
b. Single cut, annular phase
We have
F(w)= 2(m?+xw+gw?)—(t+uw)y(w—a)(w—b). (A18)

Here O<a<b. Again, there is a single cut, S&\10) is trivial in this case too, and als@14)
holds manifestly. We need only impog&11). In the end, we find

_ 16-2t(a—b)?
"= @rba-b?
g=2u,
(A19)
=2 b)=4 16
AN=2t—u(a+b)= t—m,
, (a—b)? At b 4 ta2+6ab+b2
M= g ut@tb) = o )
The phase coordinates ame b andt.
c. Two cuts, disk phase
We have
1 S
F(W)=§(m2+)\w+gw2)— Al Jw(w—a)(w—b)(w—c). (A20)
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Here 0O<a<b<c. Note that in this case we can trade the three couplings A\ andg for the
three branch pointa, b andc. In this case there are two cuts, so for the first tifA&0) is not
trivial. We first impose(A1l). We find

8
a’+b%+c’°—2(ab+ac+bc)

1 a®+b%+ci—a%(b+c)—b?(a+c)—c?(a+ b)+2abct

2 a’+b?+c?—2(ab+ac+bc) ’

g=2t,
(A21)
N=2s—t(a+b+c),

a’+b?+c?—2(ab+ac+ bc)t

2_ _
m (a+b+c)s 7

We have yet to impos€A10), which is whyt was not eliminated yet. Before doing that, we
impose(Al14). Our conventions are always to take each cut from the appropriate branch point to
the left on the real axis. Thus, after some work, we find fi@20)

Yx(a=x)(b—x)(c—x), 0<x<a,

S
=+t
X

Ap(X)=IMF(x—i€)= (A22)

s
+ ot Yx(x—a)(x—b)(c—x), b<x<c,

0 otherwise.

We have to impos€Al14) on (A22). This means

S
;+t<0 for 0<x<a,

S
;+t>0 for b<x<c.

Thus, we must have
t>0 and —btsss-—at<0, (A23)
where s is given in (A21). (It is straightforward to check that these inequalities hold for the

ensembles corresponding to Figs. 4 and 5 in SedWe are now ready to imposg@10). Here it
simply meangs(a)=G(b), namely,

J,

Note from(A23) that —b<s/t< —a, and thus the factor multiplying the square root424) flips
its sign in the integration domain, so that the integral on the Ih@\&#) may vanish. The latter
equation may be expressed in terms of the elliptic integrals

Vx(x—a)(b—x)(c—x) dx=0. (A24)

S
~+t
X
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I(a,b,c)= fb\/x(x—a)(x—b)(x—c)dx,
(A25)

J(a,b,c)=fb\/x(x—a)(x—b)(x—c)%(.

Following the usual procedure, we may expressdJ in terms of complete elliptic integrals in
a straightforward mannetWe do not bother to write these expressions here, since for our pur-
poses in Sec. V we evaluatédandJ numerically)

Finally, substituting these expressions(&24) we obtain

s(t,a,b,c)J(a,b,c)+tl(a,b,c)=0, (A26)

which we solve fort (recall from(A21) thats is merely linear int, and also that>0, in view of
(A23).) Oncet(a,b,c) is known, we can go back ttA21) and evaluaten?(a,b,c), \(a,b,c)
andg(a,b,c) explicitly. Our phase coordinates in this case are tub andc.
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