Chapter 8

Maxwell’s Equations

8.1 The Maxwell Displacement Current

Maxwell’s Equations (ME) consist of two inhomogeneous partial differential

equations and two homogencous partial differential equations. At this point

you should be familiar at least with the: “static” versions of these equations
by name and function: ‘

V-D = p Gauss's Law for Electrostatics

(8.1)
VxH = J Ampere's Law : (8.2)
V:B = 0 Gansys Law for Magnetostatics (8.3)
9B r
V xE+ da = 0 Faraday’s Law (8.4)

in SI units, where D = ¢E and H = B/p.

The astute reader will immediately notice two things. One is that these
equations are not all, strictly speaking, static - Faraday’s law contains a
time derivative, and Ampere’s law involves moving charges in the form of a
current. The second is that they are almost symmetric. There is a diver-

gence equation and a curl equation for cach kind of field. The inhomogenous
equations (which are connected to sources in the form of electric charge) in-
volve the electric displacement and magnetic feld, where the homogeneons
equations suggest that there is no magnetic charge and consequently no
screening of the magnetic induction or clectric field due to magnetic charge.
One asymmetry is therefore the prescncee/existence of electric charge in con-
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trast with the absence/nonexistence of magnetic charge.

The other asymmetry is that Faraday’s law connects the ¢url of the E
field to the time derivative of the B field, but its apparent partner, Ampere’s
Law, does not connect the curl of H to the time deriviative of vD as one
might expect from symmetry alone.

J—

If one examines Ampere’s law in its integral form, however:

B-de=u| J-hdA . (85
¢ M/S/C'.n .()

one quickly concludes that the current through the open surface S bounded
by the closed curve C' is not invariant as one chooses different surfaces. Let
us analyze this and deduce an invariant form for the current (density), two
ways.
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Figure 8.1: Current flowing through a closed .curve C bounded by two suL-
faces, Sy and Ss.

Consider a closed curve C that bounds two distinict open surfaces: Sy
and Sy that together form a closed surface S = Sy 52+ Now consider a
current (density) “through” the curve C, moving from left to right. Suppose
that some of this current accumula,tes inside the volume V bounded by S.
The law of charge conservation states that the flux“of the current density
out of the closed surface S is equal to the rate that the total charge mslde
decreases. Exprossed as an m‘regral
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With this in inind, examine the figure above. If we rearrange the integrals
on the left and right so that the normal 7, points in to the volume (so we can
compute the current through the surface S; moving from left to right) we
can easily see that charge conservation tells us that the current in through
S1 minus the current out through Sy must equal the rate at which the total
charge inside this volume increases. If we express this as integrals:

aQ
dt
d

P I ;}E ' wﬁ-:p av (8.7)
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In this expression and figure, mmote well. that .7y and 7ig point through the
loop in the'same sense (e.g. left to right) and note that the volume integral
is over the volume V' bounded by the closed surface formed by 51 and S,
together. ' c o

Usiing Gauss’s Law for the electric field, we can easily connect this volume
integral of the charge to the flux of the electric field integrated over these
two surfaces with outward directed normals: -

= —[ E-ndA+c| E-ndA (8.8)
. S IS i

Combining these two expressions, we get:
J-ndA — [ J-fipdA=
Sl st o / .‘)‘g i
‘ ——{E/E’nl dA+e[ E -y dA} (8.9)
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YRR d{§+d—t/lqzeE-n2 dA  (8.10)

B\ . .. iE\ |
Ll {J+€—d?} 2] dA = o {J + EE} * Ny dA (811)

From this we see that the flux of the.“current density” inside the brackets
is invariant as we choose different surfaces bounded by the closed curve C.



In the original formulation of Ampere’s Law we can clearly get a different
answer on the right for the current “through” the closed curve depending
on which surface we choose. This is clearly impossible. We therefore modify
Ampere’s Law to use the invariant current density:

dE -,
Jinv =J -+ EE . (8.12)
where the flux of the second term is called the Mazwell dwpla( ement current

(MDC). Ampere’s Law becomes: ‘ TRk \

?{CB-dL’ = u/ By e na’Al
dE '
N.S/C{JJrcdt} n(M | (8:13)

dD g
. dl — e I R \
f(}H de »/S/C{J-i— dt} ndA- (8.14)

in terms of the magnetic field H and electric displacement D. Theé origin
of the term “displacement current” is obviously clear in this formulation.

or

Using vector calculus on our old form of Ampéiﬂ’s’ Law allows us to

arrive at this same conclusion much more simply. If we tako tho d1vergenoe'

of Ampere’s Law we get:

V- (VxH)=0=V-J_, | (8.15)

If we apply the divergence theorem to the law of charge conservation ex-
pressed as a flux integral above, we get its differential form:

. Op , : X

V- J~-—=0 ‘ 8.16

and conclude that in general we can not conclude that the divergence of J

vanighes in general as this expression requires, as there is no guarantee that

%f vanishes everywhere in space. It only vanishes for “steady state currents”
e e i e —
on a background of uniform charge density, justifying our calling this form

of Ampere’s law a magnetostatic version.

If we substitute in p = V - D (Gauss’s Law) for p, we can see that it is
true that:

V. (VxH)=0=V. {J+%?—} _ (8.17)
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as an identity. A sufficient (but not necessary!) condition for this to be true
is:

oD
H = —_— .
VxH=J+ (8.18)
or oD

This expression is identical to the magnetostatic form in the cases where
D is constant in time but respects (harﬂo (onscrvatlon when the associated
(displacement) field is changing.

We can now write the complete set of. Maxwoll s equations, including the
Maxwell displacement current discovered by requiring formal invariance of
the current and using charge conservation to deduce its form. Keep the
latter:in mind; it should not be surprising to us later when the law of charge
conservation pops out of Maxwell's equations when we investigate their for-
mal properties we can sece that we deliberately encoded'it into Ampere's
Law as the MDC. ‘

Anyway, here they are. Learn them. They need to be second nature as
we will spend a considerable amount of time using them repeatedly in many,
many contexts as we investigate electromagnetic radiation.

V.D = ; (GLE) (8.20)
" _Q;??,:» T (AL) (8.21)
V.B = 0 (GLM) (8.22)

oB e
VXE—FW =) (FL) (8)3)

(where [ introduce and obvious and: permanent abbreviations for each equa-
tion by name as used throughout the rest of this text).

Aren’t they pretty! The no-monopoles agynunetry is still present, but
we now have two symmetric dynamic equations coupling the electric and
magnetic fields and are ready to start studying electrodynamics instead of =

clectrostatics.
e}

Note well that the two inhomogencous equations use the in-media forms
of the electric and magnetic field. These forms are already coarse-grain
averaged over the microscopic distribution of point charges that make up
bulk matter. In a truly microscopic description, where we consider only



bare charges wandering around in free space, we should use the free space
versions: i

V.E - %p (8.24)

V xB-— uoeoi—f = o (8.25)
V.-B =0 (8.26)

V xE+ %—? =0 (8.27)

It is time to make these equations jump through: SOhle hoops.

8.2 Potentials |

We begin our discussion of potentials by considering the two hoinogencous
equations. For example, if we wish to associate a potential with B such
that B is the result of differentiating the potential; we observer that we can
satisty GLM by ‘construction if we supposesa vector potential Asuch that:

Bewads ©29)

In that case:

V.B=V.(VxA)=0 (8.209) V7
as an identity. I

Now consider FL.'If we substitute in our expression for B: -

OV x A
V x E+ 5 0 | ‘
V x (E+%) = 0 (8.30) v
We can see that if we define:
E + 84 _ -V¢ (8.31) v°
ot _
then , .y
0A :
Vx(E+--)=~-VxV¢=0 (8.32) v~
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is also an identity. This leads to:

0A

Our next chore is to transform the inhomogencous MEs into equations of
motion for these potentials - motion because MEs (and indeod the potentials
tml_lmclves) are now potentially dynamical equations and not just static. We
do this by substituting in the equation for E into GLE, and the equation
for B’ into AL. We will work (for the montlént) in free space and hence will
use the vacuum values for the permittivi,ty! and permeability.

The first (GLE) yields:

v.(-vsidy = £
0

V2 + 6(% A) 2 8.34) /
t €0

(VXA\ . é\Jk%-
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The second (AL) is a bit more work. We start by writing it in terms of
B instead of H by multiplying out the pq:

VxB = /.L()J {—,U()C(]a ==

=€ e = Px ot ,
"L e, G > Vx(Vx4) = y-om—ﬁnca%(—ws— 2
Z €, . o g2 4 L. 10 18°A
N Sk %, ; Ax ~V*A+V(V-A) = jLuJ : Vdf e,
| ‘ 1524 186
e i ; 2Ap 25 = = =t
_@m St = S“KSQ) VA+ =G5 “O‘“ V(v A+ Vs
> > viar 104 riv(v.oa+s 1 9¢ (8.35)1”
c? Ot? c® ot
= 9 2 A 8.2.1 Gauge Transformations
b"‘\( b‘“ X

3 Now comes the tricky part. The following is very important to understand,
= /3'7(2 % X Pin because it is a common feature to nearly all differential formulations of any
sort of potential-based field theory, quantum or classical.

E’V (Q A ] We know from our extensive study of clementary physics that there must
n be some freedoin in the choice of ¢ and A. The fields are physical and can
3
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be “directly” measured, we know that they are unigue and cannot change.

Howovex they are both defined in terms of derwatives of the potentialy, so
there is an infinite fainily of possible potentials that will eli lead to the same
fields. The trivial example of this, familiar from kiddie physics, is that the
Celectrostatic potential is only defined with an arbitrary additive constant.

No physics can depend on the choice of this constant, but some choices
make problems more easily solvable than others. If you like, experimental
physics depends on potential differences, not the ahsolute magnitude of the
potential.

So it is now in grown-up electrodynarmics, but we have to learn a new
term. This freedom to add a constant potential is called gauge freedom and
the different potentials one can obtain that lead to ‘rhe sane physical field
are generated by means of a gauge transformation. A g.,augv 1r(msformdt10n

can be broadly defined as any formal, bysf(‘md,flc h ansfor mation of the po-

tentials that leaves the fields invariant (although in guantum theory it can

mqm a bit more subtle than that because of the additional degree of

freedom represented by the quantum phase).

R

As was often the case in elementary physics were we freely moved around
the origin of our coordinate system (a gauge transformation, we now recog-

nize) or decided to evaluate our potential (differences) from the inner shell
of a spherical capacitor (another choice of gauge) we will choose ¢ gauge in
electrodynamics to make the sclution to a problem as easy as possible or to
build a solution with some desired characteristics that can he enforced by a

“gauge condition” - a constraint on the final potentials obtained that one
can show is within the range of possibilities pormlttod b) gauge transforma-
tions.

However, there’s a price to pay. Gauge freedom in non-elementary

physics is a wee bit broader than “just” adding a constant, because gradients,

divergences and curls in multivariate calculus are not simple derivatives.

Consider B = V x A. B must be unique, but many A’s exist that
correspond to any given B. Suppose we have one sucli A. We can obviously

make a new A’ that has the same curl by adding the gradient of any scalar

function A. That is:

B=VxA=Vx(A+VA)=VxA (8.36)
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We see that:
A=A+ VA (8.37)

is a gauge transformation of the vector potential that leaves the field invari-
ant.

Note that it probably isn’t true that A can be any scalar function — if
this were a math class I'd add caveats about it being nonsingular, smoothly
differentiable at least one time, and so on. Even if a physics class T might
say a word or two about it, s0 1 juqt did. The point being that before
you propose a A that isn't, you at lea,st nocd to think about this sort of
thing. However, gr eat physicists (hke Dlm() have Sllbfld(f(‘d out irrelevant
infinities from pOt(,Iltla,lb in the past and go’rtou away with it (he invented
“mags renormalization” basic Llly a g,cmgo tra,nsforma‘rlon when trying
to derive a radiation reaction ’rheon/ J;, 80 df)n t be ‘roo closed minded about
this either.

It is also worth noting that this only shows that this is a possible gauge
transtormation of A, not that it is sufﬁcmntly g,,e\neral to encompass all
possible gauge ernsfomlatlonﬂ of A. Th(‘l ¢ may woll be ‘rensor differeritial
forms of higher rank that catnot be Ieduced_ to being a “gradient of a scalar
function” that still preserve B. However, Wé Won"t have the algebraic tools
to think about this at least until we lt']llll]_llllrlli' MEs in relativity theory
and learn that E and B are not, in fact, vectors! They are components of a

second rank tensor, where both ¢ and ‘A combine to form a first rank tensor

nm— R 3 5
(vector) in four dimensions.

This is quite startling for students to learn, as it means that there are
many quantitics that they might have thought are vectors that are not, in
fact, vectors. And it matters  the tensor character of a physical quantity is
closely related to the way it tr’nnsfo;:r_ﬁ.,s when we e.g. change the underlying
coordinate system, Don't WOITy a,b01i1“r.“'ql‘_1is quite yet, but it is something for
us to think deeply about later,

Of course, if we change A in arbitrary ways, F will change as wvll'

Suppose we have an A and ¢ that leads to sonic particular E combination:

E=-v¢- 4 O (83)

If we transform A to A’ by means of a gauge transformation (so B is



preserved), we (in general) will still get a different E:

;_ 2A’
, g e J—
| & = Ve
= V4 (A +VA)
= E——é‘ﬂ%ﬂ (8.39) v~

as there is no reason to expect the gauge term to vanish. This is baaaaad.
We want to get the same E.

To accomplish this, as we shift A to A’ we must also shift ¢ to ¢'. If we
substitute an unknown ¢’ into the expression for E' we get: |

B = —v¢'—3(A+VA)

8A - OA
d = — hh: =g : o
E V- = \Vat, -2l

We see that in order to make E' = E (so it doesn't vary with the giuge
transformation) We have to subtmci a (ompensatmg plecc t0:¢ ’ro form P

6A Lo ;
=g ‘/ R (841)‘/
so that: ‘ :

C0A' O\ ' BA AN

roE _ . el < i

. ve ot VetV ot ot L ot

: 0A
= -V¢——> =E o (8.42)

In summary, we see that a fairly general gauge tranbformdtlon that pro—
serves both E and B is the follovvlng pair of szmultuneous trausforlnatlons
of ¢ and A. Given an arbitrary (but well—bchaved) scalar hm( tion A

¢ = —%E 5 T (8:43) v+~
A = A+VA ’ (8.44) v

will leave the derived fields invariant.

As noted at the beginning, we'd like to be able to use this gange freedom
in the potentials to choose potentials that ;
MMAM I‘hm e are two chmce.s for.gange that are very
common in electrodynamics, and yo you should be familiar with both of them.

0 evaluate or that have




8.2.2 F[‘he Lorentz Gauga

The Lorentz gauge, for a variety of reasons, is in my opinion the “natural”
gauge of electrodynamics. For one thing, it is elegant in four dimensional
space-time, and we are gradually working towards the epiphany that we
should have formulated all of physics in four dimensional space-time from the
beginning, even if we're considering non-relativistic phenomena. Working
in it, ‘most problems are relatively tm( tible if not actually easy. We will
therefore consider it first.

Above we derived from MEs and their definitions the two equations of
motion for the potentials ¢ and A:

B(V . A) p

2 — =l )

Vo s .= oe . (8.45)
1 82A 1 8¢

ViA+ s = il +V (V At dt) (8.46)

If we can guarantee that we can always find a gauge transformation from
a given solution to these cquatlons of munuu ¢o, Ay, a new one such that
new ¢, A such that the new ones satisfy the constraint (the Lorentz gauge
condition):

-1 9¢
Taa
then the two equations of motion’ bo_th became the inhomogeneous wave
equation for potential waves that propagate-at the speed of light into or out
of the charge-current source inhomogengitiég, This precisely corresponds to
our intuition of what should be happening, is _elégant, symmetric, and so on.
Later we'll see how beautifully symmetric it really is.

v =0 | (8.47)

We must, however, prove that such a gaige condition actually exists.
) )
We propose:

o 0A
¢ = ¢o-— e - (8.48)
A = Ay+ VA " (8.49)
and substitute it into the desired gau;,c condition:
1 9¢ 1 0o 1 %A
A4 === = A A = —
VAtae = VATVAY Gy e

= 0 (8.50)



or
1 82A 1 O

VZA_C_._:V.'AO.Fc_za‘;—_ f(a,t) (8.51)

for some computable inhomogeneous sourceviunction f(x,t).

This equation is solvable for an enormous range of possible f(x,t)s (ba-
sically, all well-behaved functions will lead to soliitions, with issues asso-
ciated with their support or possible singularities). so it seems at the very
least “likely” that such a gauge transformation always exists for reason-
able/physical charge-current distributions. * L

Interestingly, the gauge function A that permlts thc Lorent/ condition to
be satisfied so that ¢,.A satisfy wave equations is itself the <;olut10n to a wave
equation! It is also interesting to note that there is addzhonal gauge freedoni
Wlthln the Lorentz gauge Por cxamplc it one s OI‘l{..lllal c;olutlon (/)0, Ao 1tself

......

Where A is any free scalar wave:

e o (Ol
¢ = do— 5 (8.52)
A = Ay+VA- (8.53)
) .
VZA—%% = 0 a4 _ (8.54)

continues to satisfy the Lorentz gauge condition. Not enly are we nearly
guaranteed that solutions that gatisfy the Lorentz gauge condition exist,
we have discovered an infinity of them, connected by a. restricted gauge
transformation.

In the Lorentz gauge, then, everything is a4 wave. Th(, scalar and vector
potentials, the derived fields, and the scalar gauge holds all satisfy wave
equations. The result is independent of (oordlnateq fonnul@teb beautlfully
in special relativity, and exhibits (as we will seo) tho (ausal pr opag,atlon of
the fields or potentials at the speed of light. '

The other gauge we must learn is not so pretty. In fact, it is really pretty
ugly! However, it is still useful and so we must learn it. At the very least,
it has a few important things to teach us as we work out the fields in the
gauge.



8.2.3 The Coulomb or T&'ansverse Gauge

Let us return to the equations of motion:

(V-A) o
2 it T N R | ¥
Ve + o = (8.55)
1 524 1 9¢
2 _—_ = - . _——_— 5
VA + 290 ‘/¢0J+ V (V A+ o 6‘t> (8.56)

There is another way to make at least one of these two equations simplify.
We can just insist that: "

v-A K 0. ', (8.57)]

It isn’t so obvious that we can always choose a gauge such that this is true.
Since we know we can start with the Lorentz gauge, though, let’s look for
A such that it is. That is, suppose we've found ¢, A such that:

At = ; .
v ,l—,c2 50 0 _. (8.58)
As before, we propose: |
DA '
' =, - ]
¢ =idb-5 (8.59)
A = A4+VA (8.60)
such that
: V- A=V -A+VA=0. : (8.61)
If we substitute in the Lorentz gauge condition:
109 .
A= e 8.62
v 2 Ot ( )
we get:
1 8¢’ .
2 = — . A = —— = )
V<A V SEa q(az,t) (8.63)

As before, provided that a solution to the equations of motion in the Lorentz
gauge exists, we can in principle solve this equation for a A that makes
V - A =0 true. It is therefore a legitimate gauge condition.

If we use the Coulomb gauge condition:(which we are now justified in
doing, as we know that the resulting potentials will lead to the same physical



8.4 Magnetic Monopoles

Let us think for a moment about what MEs might be changed into if mag-
netic monopoles were discovered. We would then expect all four equations
to be inhomogeneous:

V.D = p, (GLE) (8.110)

oD
V)‘.II—E = Jr,_ (AL) (8 111)
V-H = p, (GLM) (8.112)
V x Dt ?g = -J. (FL) (8.113)

or, in a vacuum (with units of magnetic charge given as ampere-meters, as
opposed to webers, where 1 weber = py ampere-meter):

. 1.,

V.E = —p. (GLE) (8.114)

0 -60
V x B %‘j’ = . (AL) (8.115)
VB = piopm (GLM) (8.116)
VxE+%—f— = ipugdy,  (FL) (8.117)

(whue we note that if we discovered an elementary magnetic monopole of
magmtude g similar to the:elementary electric monopolar charge of e we
would almost certainly need to introdice additional constants - or arrange-
ments of the existing ones - to establish its quantized magnitude relative to
those of electric charge in suitable units-as is discussed shortly).

There are two observations we need to make. One is that nature could be
rife with magnetic monopoles already. In fact, every singlo charged particle
could have a miz of both electric and maghetic (lmrge As’ long as the ratio
g/e is a constant, we would be unable to t(‘ll

This can be shown by looking at tho follownlg duality transformation
which “rotates” the magnetic field into the electric field as it rotates the
magnetic charge into the electric chiarge:

E = FE'cos(0)4ZoH' sin(0) ' (8.118)
ZoD = ZyD'cos(©) + B'sin(0) (8.119)



ZoH = —FE'sin(0)+ ZoH' cos(©) (8.120)
B = -Z,D’'sin(0©) + B’ cos(O) (8.121)

where Zo = /£ is the impedance of free space (and has units of ohms), a
quantity that (as we shall see) appears frequently when manipulating MEs.

Note that when the angle © = 0, we have the ordinary MEs we are used
to. However, all of our measurements of force would remain unaltered if we
rotated by © = /2 end E = ZoH' in the old system.

However, if we perform such a rotation, we must also rotate the charge

RS

distributions in exactly the same way:

Tope = Zopl,cos(©) + pl, sin(6) (8.122)
pm = —Zopl,cos(®) + pl, sin(O) (8.123)
Zode = —J.cos(0)+ J!, sin(0) (8.124)
In = —ZpJ,sin(0) + J,, cos(O) (8.125)

It is left as an exercise to show that the monopolar forms of MEs are
left invariant - things come in just the right combinations én both sides of
all equations to accomplish this. In a nutshell, what this means is that it
is merely a matter of convention to call all: the charge of a-particle electric.
By rotating through an arbitrary angle theta in the equations above, we can
recover an equivalent version of electrodynamics where electrons and protons
have only magnetic charge and the electric charge is zero everywhere, but
where all forces and electronic structure remains unchanged as long as all
particles have the same g/e ratio. / r

When we search for magnetic monopoles, then; we are really searching
for particles where that ratio is different from thé dominant one. We are
looking for particles that have zero electric charge and only a magnetic
éharge in the current frame relative to © = 0. Monopolar particles might:
be expected to be a bit odd for a variety of reasons - magnetic charge is a
pseudoscalar quantity, odd under time reversal, where electric. charge is a
scalar quantity, even under time reversal, for example, field theorists would
really really like for there to be at least one 11'10110p01.i‘ in the universe. Nobel-
hungry graduate students wouldn’t mmd if that monopole came wandering
through their monopole trap, cither.

However, so far (despite a few false positive résults that have proven



dubious or at any rate unrepeatable) there is a lack of actual experimen-
tal evidence for monopoles. Let’s examine just a bit of why the idea of
monopoles is exciting to theorists.

8.4.1 Dirac Monopoles

Consider a electric charge e at the origin and an monopolar charge g at an

arbitrary point on the z axis. From; the generalized fgrm of MEs, we expect
the electric. field to be given by the-well-known:

er

E=—— 8.126

_ dregr? _ ( )

at an arbitrary point in space. Similarly, we expect tl‘.{e magnetic field of the

monopolar charge g to be: C

. i i

' qr _

= —— 8.127

‘ ¢ drpgr” ( , )

where » = z + 7/, :

The momentum density of this paif of fields is given as noted above by:
1 .
9= (ExH) (8.128)

and if one draws pictures and uses oné's right hand to determine directions,
it is clear that the field momentum; is directed around the e — ¢ axis in the
right handed sense, In fact the momentum follows circular tracks around this
axis in such a way that the field has a noirzero static angular momentum.

The system obviously has zero ‘total- momentum from symmetry. This
means one can use any origin to compute the angular momentum. To do
$0, we compute the angular momentum dénsity as:

] L .
=" ><.r (E xH) (8.129)
and integrate it:

Lia = l[?‘X(EXH}dV

c? .

4 .
ol 0l A .
= —.%/,;{H,—ﬁ(ﬁ-ﬂ)}dv (8.130)

- £° /%nx (A x H)AV



over all space. Using ‘the vector identity:

(a-V)ﬁf(r): @{a—ﬁ(ﬁ-a)}+ﬂ(ﬁ,-a)g—£ (8.131)
this can be transformed into:
€ \ A
Loug =~ / (B - V)AdV (8.132)
Integrating by parts:
Lo = 4—- (V- B)adV — 2 / AdA (8.133)

The surface term vanishes from symmetry because 7 is radially away from
the origin and averages to zero on a large sphere. V - B = gé(r — z) Thus
we finally obtain: o o ., :
Lga = —> 2 | (8.134
fleld = 7 ; (8.134)
There are a variety of arguments that one can fnvent that leads to an
important conclusion. The arguments differ in details and in small ways
quantitatively, and some are more elegant than this one. But this one is
adequate to make the point. If we require that thisfield angular monjentum
be quantized in units of h:

95— muh : (8.135)
4 :

we can conclude that the product of eg must be (1i1c1nti2cd This is an
important conclusion! It is one of the few approaches in physms that can
give us insight as to why charge is quantized.

This conclusion was originally arrived at by (who else?) Dirac. However,
Dirac’s argument was more subtle. He created a tnonopole as a defect by
constructing a vector potential that led to a monopalar field cverywhere in
space but which was singuler on a single line. The model for this vector
potential was that of an infinitely long solenoid stretching in from infinity
along the —z axis. This solenoid was in fact a string - this was in a sense
the first quantum string theory.

The differential vector potential of a differential nmgnetl(, dlp()l(, dm =
gdl is:

dA(z) = —:—;dm x V <—1—> (8.136)
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This can actually be evaluated in coordinates for specific lines L, e.g. a
line from —oo to the origin along the —z axis (to put a “monopole”) at the
origin. If one takes the curl of this vector potential one does indeed get a
field of: R

_ o T

" dwr?
everywhere but on the line L, where the ficld is singular. If we subtract away
this singular (but highly confined -+ the figld is “inside” the solenoid where
it carries flux in from —oc) we are left with the true field of a monopole
everywhere but on this line. '

(8.138)

Dirac insisted that an electron near this monopole wonld have to not
“see” the singulafstring, which imposed a coundition on its wavefunction.
This condition (which leads to the same general conclusion as the much
simpler argument given above) is beyond the scope of this course, but it is
an interesting one and is much closer to-the real arguments used by field
theorists wishing to accomplish the same thing with a gauge transoformation
and I encourage you to read.it in e.g. Jackson or elsewhere.



