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field) the potentials in the Coulomb gauge must satisfy the equations of
motion:

V%=:—£ (8.64)
1 A )
VA + __W' = el + af (8.65)

The potential ¢ is therefore the well-known solution

1 p(xo) s '

x) = Az 8.66
00) = oo [ oo (8.66)
that you probably originally saw in elementary i]fltfoductory physics and
solved extensively last semester using the Green’s function for the Poisson
equation: ‘

G, = 8.67

(=, @) 4| — x| (8.67).

that solves the “point source” differential equation:
VG(z, o) = (@ — @) (8.68)

In this equation one uses the value of the charge density on all space as
a function of time under the integral, and then adds a source term to'the
current density in the 1nhomog.,(‘neouq wave oqua1 IOllb f()I the Ve(f(ox potontml
derived from that dens1ty as well, ke T

There are several very, very odd things about this solution. One is that
the Coulomb potential is instantaneous - changes in the charge distribution
instantly appear in its electric potential throughout all space. This appears
to violate causality, and is definitely not what.is physically observed. Is this
a problem? 4

The answer is, no. If one works very long and f(a(li()tlély (as you will,
for your homework) one can show that the current density can be decom-
posed into two pieces -- a longitudinal (non-rotational) one and a transverse
(rotational) one: . .
J=Jg+J; (8.69)

These terms are defined by:

VxJ, =0 (8.70)
V-J, =0 (8.71)



Evaluating these pieces is fairly straightforward. Start with:
Vx(VxJ)=V(V-J)-V3J (8.72)

This equation obviously splits into the two pieces - using the continuity
equation to eliminate the divergence of J in favor of p, we get:
V3, = -V x(VxJ) (8.73)

) Bp.
Vi, = V(V:T)= ai" (8.74)

(which are both Poisson equations).

With a bit of work - some integration by parts to move the V’s out of the
integrals which imposes the constraint that J and p have compact support
so one can ignore the surface term - theé decomposed currents are:

Jd Lo

— =4
J. = Vx(V x/47r|w -0 (8.75)
. do
_ v B\ o9 .
Je = V@t (/ 47r_|:1: — :Bgld' :,BO_): EO_V;“. ot (&)
Subsﬁituting and comparing we note:
1 9 P .
- Vc’)f - ppd ¢ . (8.77)
so that this term cancels and the equation of motion for A becomes:
., 10°A |
2 s
v A - g W = _,UfOJt (878)

only.

In the Coulomb gauge, then, only the ‘transverse current gives rise to
the vector potential, which behaves like a wave. Hence the other common
name for the g,duge the transverse gauge. It.is also sometimes called the
“radiation gauge” as only transv erse currents give rise to purely transverse
radiation fields far from the sources, with the static potential present but
not giving rme to radiation. '

Given all the ugliness above, why use tho Coulomb gauge at all? There
are a couple of reagons. First of all the actual equations of motion that must
be solved are simple enough once one decompoacb the current. Second of all,



