PHYSICS 104A, FALL 2016
MATHEMATICAL PHYSICS

Assignment Four, Due Friday, October 21, 5:00 pm.

[1.] In understanding the behavior of spin-1/2 particles in quantum mechanics, you will
encounter the 2 x 2 ‘Pauli matrices’

({01 (0 —d ({10
2=\10 W=\ o0 %= 0 -1
Compute the inverses of o,, 0y, and o,.

[2.] The ‘commutator’ of two matrices A and B is symbolized by [A, B] and is defined by
[A,B] = AB — BA

Show that the ‘spin’ matrices

h h
S = 50a Sy = 50 S = 502
obey
(Sz, Sy] = RS, [Sy, Sz] = ihS, [S2, Sz] = ihSy

[3.] to understand how spin wave functions evolve in time ¢t you will need the exponentials
of the Pauli matrices,

_ —itog __—ito __ _—ito,
A=ce B =¢¢"% C=e

Using the definition

1 1
eM =1+ M+§M2+6M3+---
compute A, B and C.

[4.] In understanding the behavior of spin-1 particles in quantum mechanics, you will en-
counter the 3 x 3 matrices
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What are the possible values you could get if you measure the z,y or z component of spin of a
spin-one particle in an experiment? If your system is in the state |[¢)) = (1/v/3,1/4/3,1/+/3),
what are the probabilities of measuring the different possible values of 5,7

[5.] Construct the matrix S? = S2 + S? + S? for the spin of a spin-one particle. What
possible values can you get if you measure the square of the spin?



[6.] Go back to the spin-1/2 matrices of problems 1-3 and similarly construct the matrix
§2 =52+ Sg + 82. What possible values can you get if you measure the square of the spin?

[7.] Compute the commutators [Sg, Sy], [Sy, S2], and [S,, S| for spin-1. How do the results
compare to the spin-1/2 case?

Note: It’s a bit weird that when you measure S? it is not really what you would naively
expect. The reason is that S;, Sy and S, do not commute, and so you cannot measure them
at the same time. Thus you cannot really hope to get S? by just taking the components,
squaring them, and adding.

[8.] Extra Credit: You have (above) the matrices S? for S = 1/2 and for S = 1. What is the
form of the matrix for the S? for a particle of general spin S? This same result will come
up in Physics 115AB when you figure out the eigenvalues of the orbital angular momentum
of a electron going around a proton in the Hydrogen atom, since the angular momentum
matrices obey the same basic rules as spin matrices. You saw it here first.



2 (4 c“ .
S.lﬁc.e._ O-;'x = T}. = 6-_3 — :E {j@e j?mb\e’\j)

o = ~1
we knrow Pt (T ) ' "0'“)'.3 (0‘-7) ""G_\I"} ard (@2) =Q

// l\
T F Yo wand Moy can  preve KT <o sa S usual wm.-i

ID.O1

\ /[ \
] P e |10

o
¢ ¢

£
a x T S G () l

.j"!g b=y _S'!MFJ}'P .f":l_ls g/"'\‘c’]_ f.\v‘\,ﬁjj\!.ﬁna 'l 76 C,LQ%{

f'r-..'g o T e he ‘Q{I’i’ o ‘fud dui’} ;V‘}"‘\vl“a“ow lrou-'isl

=1

and Cp pﬁf"-\s Jrie  game wp_e/aﬁ'lnm + T gw=r T,

Wwhi, ok 2 Thea /'evcgf»cJ A he (\"; ‘5/(",:,&-/




Darnj J"’.’L TAD n;;/ %Pf rf)mp]r‘l‘ﬁl‘j

i 1
(oo & fee e =(E000]

= ht D s ks,
-TJIWE? ve rd | fSv Tre othoay .
[S},]s,?_] = KiS,

[S% }SX] - ‘hlfv

\




3-)

2. 3 2
The kfz}r ob§evvahon AN ﬁ‘)‘ = G? =¢£‘. S J:.

‘\
0N
\
~
\
g
4
T
\
-~
)
-
o
—
o
+
\\
2,
('""
7
_—
LA
-

\)
H
™M~
|
m ‘\
oy
N
+-
"]
i
<o
9
~L
~
i
o+
gy
kY
—

I

I CC’S‘b = :G-x J‘JV\%

A

1\

AT

| \
4

/ ot P .

( Co) U =LYMW )
i .‘4 A-L £ _J"’

S L LI AN oy v /

J—}- Foras qudt A be Ve‘:’j l“"Pi‘("}'&r""' Pt A s u‘nu'\-fj) e

+ caJ'i’_'. FOMH a
f\ﬂ_)—:'L wh A= /;_

{#ivwt e

B g;wJ C are fre sawe ca_lr_“ Zaﬂ.x;“ _ J/}"g u@é}_-]

6bViavs Jren Mt

/rart --d'm‘{‘ \

‘B:'. T cost ’[G\YJ’“% = _Sat east J

A

Ce Teart —Tpont = /c«r‘t~i5m‘\7 3] \ ,{é"k o)
K o Gt et _) Lo ©




Fos’h 13’(' k/ﬁ_,\JC';‘ fJP oé(—md&blf f— &'&env&'\lf}‘ t:,{

_élgfa(_m/-rof ywl}l/nc, Thege oxe Cf(.ec---‘-—lij tio}"'t: ﬁr 5%_,

5}" (:_\( 4 =

‘ ~x Q ‘ _ —'}\(\'\1"\-) .—\(-—‘}\"h)

=A 1
| & =X
= X®iara = aN-2)
A:O}frz,
et wNET b B 0 A= o ER

SC\N‘C aa 3'2_.\ Mg \s Cﬁrn,ca[yﬂ;l?*‘! S‘J\“‘"‘?-A'V_:‘_J‘II

LyJee wase hv Sy

N -L O A
t o (=) e (o)
PR N ¢
© =

= =x(3-2)

!




v A=O (L)ﬁ-

The €t3a\jtp/¢v_r,_ ‘é \B{ dre

fr A= K /G 1 o )
gpfhespnd L ES /
s T/ } t\ o | -G/
1 -l o O\ | -t o
[0 -'g \ > [ o 1 -% )
\o 1 -z / \ o o o /
o v, — Nave=o
Ny —fa v, = ©
[ o\
amA_ RAGpmucehs 1S { \

nbhw M iS5 1 - >\ -0 Q\a_muu:;u\/

Ve 1 o Y = Vv ©
/ Vo= \J = /o C"Nz';_ | = - "—Z:)
\a 1 & o n ) \No o .




‘ﬂVC«V’}'/hAM Moc or— Jogf}' vJQl/l‘( w.)kl _.,%23 ,ﬁ,

Ay ﬂ-::' (40 AII/CPJ’("JI

) T

o, +'a ~lhay = a1 as @g_&,@,w__

‘J:!./ L .‘F‘:_’J i v/ >N
Toh T % T N3 4

/‘7 O\;"QS - 27\6

- q‘/ﬁ_ N ‘/7/6‘2. -‘}?/q}' = l/‘g-/ /-\

r‘;_;mb_:_ng LYV J‘M‘ m h:'olbl'af

oo 2 2 = "_4:3.'.— - \E"‘\”‘—‘
V24, = ,B T A /2.. R P,
N3
| o | vovees -y o
R EEA Ve i _ Y4 +2\3
0= == = : s
Nz L2 ©

NEA A +NZ :

ag s L 3% =I5 =20 oA

= c'?s N T e, =ng
|. e =




Tl pribab it A 0 epnussmd r =90 4% -~k
4 7 d X ) 7

sne lﬁf,{L (a, )% l4.]L  yerpechued
A0 L Bt L ’ d

\‘L‘_\r‘ ?; = /O_ _ __OOGD L Pw_.,\a C _S)_».-, 0)
\r < 3+2¥/ _— —

\9,\ = %z b / = . 94714 “«— .!;'\/‘»‘5,(;'.>¢ }—‘h)

\"1;\ il 3.‘-2—(’_‘ = ,028L Awpmb(tht )

ﬂjy mm;& .Z

&a__ﬁeﬂ_mf,

Tn "Q}VOJVMJ ;JZ obv loug rad— 4, =0 bheause

we C;\J\)\ }‘O\LUL 4\3‘)' beoh\.\&’) bf »,L-‘g L{ v A baey 2’?
. ‘ O 9

W

wizh {§) ard ged

)

v /

g e atpid




\\l.L...J
0
- 9
~_
\..II.....-..:J.J .ﬂf»
= f
Nl 20 - o (S - .
v d y
1o el )
o fN L |0 T rw..
~ 09 5 4 |- 9
L b —
N +£ Wﬂﬂ e ¥
7 h
T o Sppe
T -~ // o A e ﬁLﬂ\Mc M.
— QO - 9 9| - “
PO Sy L 5
ool ow«? g Q| LI~ z T |4
__ 4 9|9 - o T + g7
p— O T —_ L .I\“l.‘ b g o X M
— 0L~ s s | = e
~— ~ - W\ )
/m N o ( m o % g
AN A y s
I/IA Alﬂ’ A\V N 3]
¥ {4 o &
{) N nt../{ M a\wnv m
o l
2 v “ c$ S
g O
a g
A
N
O | -




r; ’\l o k / \‘G [}
S| (I A T S
” i Lo | o =1 o Lo |
2,\ 7
o Vo o L o D e d 1w
r“ P . A\""
s wn S N SR
o O— S i S e
E./ Oa-l';.}‘i’ D Lt
x —y A Y

Ofor cammetnfes ol an Hrueld

5]9/"\ % W)'V!C—:&na

ol we Py [J},)r_,._] - ks l”yf)f’kj -k S,

ﬂe ‘j{m«Q resdW s \‘S\L‘-: ‘k.zS(S +l\ x

A
/
4ﬂprdpv/m.}c_'7
) = 2
,l?,j/ =(.}I.:)Jirc.ﬂ-_ _r/ /.".‘L ((S“"') 'A}j S;QE,L_M
e v x

S

Y

) Slstr) = 2




