Learning Fermionic Critical Points
Natanael C. Costa,1, 2 Wenjian Hu,2, 3 Z.J. Bai,3 Richard T. Scalettar,2 and Rajiv R.P. Singh2
1

Instituto de Fisica, Universidade Federal do Rio de Janeiro Cx.P. 68.528, 21941-972 Rio de Janeiro RJ, Brazil
2
Department of Physics, University of California Davis, CA 95616, USA
3
Department of Computer Science, University of California Davis, CA 95616, USA
We use determinant Quantum Monte Carlo (DQMC), in combination with the principal
component analysis (PCA) approach to unsupervised learning, to extract information about phase
transitions in quantum systems. We examine the different behaviors associated with providing
Hubbard-Stratonovich auxiliary fields configurations on both entire space-time lattice and single
imaginary time slice, or other quantities, such as equal-time Green’s and pair-pair correlation
functions. We explore the zero temperature antiferromagnet to singlet transition in the Periodic
Anderson Model, the Mott insulating transition in the Hubbard model on a honeycomb lattice, and
the magnetic transition in the 1/6-filled Lieb lattice. We likewise discuss the prospects for learning
finite temperature superconducting transitions in the attractive Hubbard model, for which there is
no sign problem and a simple s-wave order parameter. Finally, we investigate finite temperature
CDW transitions in the Holstein model, where the electrons are coupled to phonon degrees of
freedom.
I.

INTRODUCTION

Deep connections between neural networks, statistical
physics, and biological modeling were established
beginning more than three decades ago. Hopfield, for
example, proposed1 a description of “neurons” whose
stable limit points could be used to store specific
“memories”, and whose structure was basically that of an
Ising model with symmetric, long range interactions. A
central result was the emergence of collective properties
such as the ability to “generalize” to related memories.
Concepts from spin glass theory and frustrated order
were shown to have close analogues with neural networks,
including limitations on the ability to store competing
memories; the existence of critical temperatures for
the stability of specific spin patterns (memories), with
additional mixed patterns becoming stable at yet lower
temperature; the role of asymmetric exchange constants
(synaptic strength); and so forth2–7 .
Over the past several years, the use of neural networks
and learning algorithms has been revisited with fresh
perspectives and, in particular with a focus on the
possibility that appropriately defined networks might
be useful in locating phase transitions. It was shown8
that PCA could provide a useful diagnostic of the phase
transition in an Ising model in the zero magnetization
sector, where two ferromagnetic domains dominate the
partition function at low temperature. This work has
been extended to several other classical models, e.g. the
Blume-Capel model, which have first order transitions
and tricritical points9 .
The well-known exact mapping between the 2D
classical Ising model and the 1D quantum Ising model
in a transverse magnetic field immediately tells us that
this ability to distinguish a finite temperature transition
in the former case implies that the zero temperature
quantum critical point (QCP) can be determined in
the latter. However, while it is true that all quantum
models can be mapped to classical models in one higher

dimension, in most cases the equivalent classical is very
complex, for example, depending on a determinant whose
entries include the degrees of freedom in the simulation.
It thus remains an open question whether a QCP can
be located by learning methods, although certainly the
allowed presence of long range connections in networks
suggests they might be promising.
There have been several recent attempts to combine
machine learning techniques and DQMC. Ch’ng etal10
have shown that convolutional neural networks (CNN)
can learn the Neél temperature TN of the three
dimensional Hubbard model at half-filling. That is, a
network trained at weak (U/t = 5) and strong (U/t = 16)
coupling can predict TN at intermediate U , and make
inferences concerning the AF transition when the system
is doped (a parameter regime for which the sign problem
prevents direct DQMC simulations at low temperature).
Meanwhile, Broecker etal11 have also used DQMC for
the Hubbard model together with CNN with a focus on
understanding if the sign problem can be circumvented.
Learning about the sign problem is also implicit in
machine learning studies of the nodal surfaces of manyelectron wave functions12 . A particularly intriguing
proposal uses a machine-learned effective bosonic action
to guide proposed moves at a much lower cost than the
usual cube of the system size13,14 .
Neural networks have also been used in combination
with QMC to fit functional forms for potentials energy
surfaces which are then used in the simulation15 .
In contrast to the DQMC applied to tight-binding
Hamiltonians, where the energies U, t, T, µ in the
simulation are unambiguously known, and the network
is tasked with predicting transitions, in these studies
the network is used to avoid complicated and somewhat
arbitrary fits to the functional form of the potential
energy, allowing for more robust molecular dynamics
simulations.
Here we study the ability of unsupervised learning
methods to determine the location of QCP in several
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models of interacting, itinerant electrons, when provided
with data from DQMC simulations.
Using PCA,
we analyse five cases, including spin, charge and
pair ordering.
Concerning magnetic transitions,
we investigate (i) the antiferromagnetic(AF)-Singlet
transition in the Periodic Anderson Model (PAM),
a Hamiltonian which describes the coupling of noninteracting (‘metallic’) fermionic species with a strongly
correlated (‘localized’) one; (ii) the paramagnetic metal
to insulating antiferromagnet which occurs in the
repulsive Hubbard model on a honeycomb lattice16,17 ,
where a non-zero Uc is required for AF order to
appear from the noninteracting semi-metallic state; and
(iii) the AF ground state for the Hubbard model on
the “Lieb lattice” at electronic density ρ = 1/3,
which is closely related to the AF phase in non-doped
cuprates. We likewise study pair ordering in (iv) the
attractive Hubbard model in the square lattice, which
exhibits a finite temperature phase transition to a swave superconducting state. Finally, charge ordering
is investiagated in (v) the Holstein model, one of the
simplest Hamiltonian to take into account electronphonon coupling. Here we will see whether the signatures
of the transitions occur also through an examination of
the principle components of matrices constructed from
snapshots of the degrees of freedom during the course of
a simulation.
This paper is organized as follow. The DQMC method
and the PCA procedure are introduced in Section II. The
PCA analysis of the PAM is presented in Section III,
while the results for Hubbard model on honeycomb
and the Lieb lattices are exhibit in Sections IV and
V, respectively. The attractive Hubbard and Holstein
models are left to Sections VI and VII, respectively. The
Sections are self-contained, with the models being breifly
introduced.

II.

METHODOLOGY

DQMC18 is an approach for solving interacting fermion
Hamiltonians exactly (to within statistical error bars)
on lattices of finite size. The central observation of the
method is that the partition function Z for two fermionic
species σ =↑, ↓ interacting with a space and imaginary
time dependent bosonic field S(iτ ), but not with each
other, can be written as
X Y

Z=
det I + Bσ (1)Bσ (2)Bσ (3) · · · Bσ (L)
{S(iτ )}

σ

(1)
Here the identity matrix I and the matrices Bσ (τ )
have dimension the spatial lattice size N , and L is
the number of imaginary time slices into which the
inverse temperature β is divided. The sum is over
configurations of the bosonic field. Each Bσ (τ ) is
the product of the exponential of the kinetic energy

matrix K, which is usually independent of σ, and a
diagonal matrix Vσ (τ ) whose entries are Vii σ (τ ) =
gσ λS(iτ )19 . Here λ is the coupling constant between
the fermionic and bosonic variables and gσ = ±1
depends on the model. For Hamiltonians with repulsive
interactions, gσ most commonly has opposite sign for the
two spin species, while for Hamiltonians with attractive
interactions, gσ is the same for both σ. The separation
into exponentials of K and V necessitates an inverse
temperature discretization ∆τ = β/L. This is taken
small enough so that systematic ‘Trotter errors’ are
smaller than statistical error bars.
The Holstein Hamiltonian (see Sec. VIB) immediately
satisfies the description above.
The field S(iτ ) is
comprised of the space-imaginary time values arising
from a path integral expression for the quantum phonon
variables. For the Hubbard model, S(iτ ) are the spacetime components of a Hubbard-Stranovich (HS) field
introduced to decouple the fermion-fermion interaction.
In this paper we employ the discrete version of the
HS transformation introduced by Hirsch20 .
Hirsch
has shown20,21 that the correlation function of the HS
variables are directly related to spin-spin correlations of
the fermionic degrees of freedom, suggesting that success
with using magnetic configurations in PCA might be
replicated with HS configurations.
Principal Component Analysis22–24 is an unsupervised
learning technique in which, for the implementation here,
configurations of the HS field configurations generated in
the course of a set of DQMC simulations are assembled
in the rows of a matrix F. The number of columns of
F is the dimension of the HS field (either the spatial
lattice size N or the full space-time lattice size N L. See
below.) The number of rows of F is the number of
configurations. Typically we will input n configurations
for each of t different simulations which might correspond
to different values of an energy scale in the Hamiltonian,
the temperature, or the density. Thus the number of
rows of F is M = nt. The mean values of each column of
F are subtracted to produce a ‘data centered’ matrix X.
The most straighforward description of the PCA
procedure is that the eigenproblem of the real symmetric
matrix XT X is solved, yielding eigenvalues λn and
eigenvectors wn .
The ‘relative variances’ λ̃n =
PN
λn / i=1 λi provide a useful normalization. Following
the work of Wang8 we will plot the ordered pairs of the
first two ‘principle components’, the inner products of
the eigenvectors of F with the two largest eigenvalues,
with the HS field configurations. This presentation of
PCA has the virtue of being brief, but does not provide
a detailed look at what the PCA is actually extracting
from the data. For a more detailed exposition see 22–24.
There are many possible implementations of PCA
within the context of DQMC. Here we will examine
whether any differences arise between constructing the
PCA matrix F from the bosonic field configuration S(iτ )
allowing i to vary over all N spatial sites at a single fixed
τ , as opposed to using S(iτ ) for all i and also all τ =
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FIG. 1. PCA results for the PAM, with lattice size N =
12 × 12, inverse temperature β/t = 24 and on-site repulsion
U = 4. (a) Relative variances λ̃n obtained from the raw
HS field configurations, with the horizontal axis indicating
corresponding component labels. (b) Projection of the raw
HS field configurations onto the plane of the two leading
principal components. Data points are color-coded by the
value of the hybridization V (bar at far right). For large
V (i.e. in the singlet phase), the pairs form a single small
structure centered at (0, 0). For small V (i.e. in the AF phase),
the pairs spread out around the origin. (c) The quantified
first leading component as a function of V . The dashed line,
corresponding to the steepest transition, indicates the QCP
at Vc ≈ 1.0. (d) The weight vector corresponding to the first
leading component, which shows a clear AF pattern. .

1, 2, · · · L. In the case of the doped repulsive Hubbard
Hamiltonian, where the sign of the determinant can go
negative, we will also examine the effect of providing
the value of the sign along with the HS configuration.
In a further variant, Broecker etal11 have compared
training of a network with the fermionic Greens function,
−1
G = I + B(1)B(2) · · · B(L)
rather than the HS field
configuration.
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RESULTS: AF-SINGLET TRANSITION IN
THE PAM

We first consider the AF-Singlet transition, commonly
observed in heavy-fermion materials; e.g. see Ref. 25.
These materials have two species of electrons, conduction
(d) and localized (f ) electrons, with a hybridization V
which can be tuned by adjusting external parameters,
such as pressure. At low hybridization, the RudermanKittel-Kasuya-Yosida (RKKY) interaction leads to long
range magnetic order, while for large hybridization there
is a formation of local singlets, destroying the long
range order. A QPT occurs for a critical hybridization.
The signature of this QCP is observed even at finite
temperature, with the appearence of non-Fermi liquid

X †


d†iσ djσ + H.c. − V
diσ fiσ + H.c.
iσ

1 f
1
nfi↑ −
ni↓ −
.
2
2

(2)

Here i runs over sites in a two-dimensional square
lattice, with hi, ji denoting nearest neighbors. t is the
hopping integral of conduction electrons, and U the
on-site Coulomb repulsion in the f -band, while their
hybridization is V . The fermion creation (annihilation)
operators of conduction and localized electrons with
†
spin σ on a given site i are d†iσ (diσ ) and fiσ
(fiσ ),
respectively. As written, the PAM in Eq. (2) has particlehole symmetry (PHS) so that the density of each electron
species obeys hρdiσ i = hρfiσ i = 1/2 at all t, U, V and
temperatures. At this ‘half-filling’, the AF-singlet QCP
occurs at Vc ≈ 0.99t for U = 4t34 . Hereafter we set t = 1
as the scale of energy.
Feeding our PCA procedure with the HS fields for
a simulation on an 12 × 12 lattice at U = 4 and
β = 24 (i.e. L = 192 and ∆τ = 1/8) for different
values of V , we obtain the results exhibited in Fig. 1.
For each hybridization we provided 1000 independent
configurations. The relative variance λ̃n for different
components n are displayed in Fig. 1a, in which the first
component is dominant. It has been suggested9 that the
appearance of sharp falloff from a large λ̃1 is indicative of
a single dominant spin pattern, e.g. AF order. Figure 1b
presents the projection of the two leading principal
components, with the data points of large hybridization
localized around the origin. For low hybridization the
collection of points bifurcates- the appearance of two
separate clusters indicating the presence of two separate
broken symmetry ground states. This change is similar
to what is seen in classical spin models, suggesting a
transition at a critical Vc .
The position of the QCP can also be inferred by
the behavior of the quantified first leading component
as a function of V , as displayed in Fig. 1c. For low
hybridizations h|p1 |i is large, while it is suppressed
at large hybridizations, behaving similar to the AF
structure factor. One can estimate the QCP location
ar the inflection point, i.e. Vc ≈ 1, where the h|p1 |i
is most rapidly changing. This Vc is in agreement with
conventional approaches based on finite size scaling of
the AF structire factor31,34 , although at present the PCA
analysis is less accurate. Finally, that the order is AF is
verified by the structure of the first eigenvector, which
has an obvious alternation in sign for sites on the two
sublattices.

4
0.009

30

(a)

(b)

n

p2

0.006
0

0.003
0.000

5000

n

10000 15000

30

60

0.008

(c)

20
10

30 0

30

p1

60

(d)

0.004

w1i

< |p1| >

30

0

6.0
5.5
5.0
4.5
4.0
3.5
3.0
2.5
2.0

0.000
0.004

0
2.0 2.8 3.6 4.4 5.2 6.0

U

0.008

0

20

i

40

V.

FIG. 2. PCA results for the honeycomb lattice (single band)
Hubbard model, with the lattice size N = 12 × 12, the inverse
temperature β/t = 20. (a) Relative variances λ̃n obtained
from the raw HS field configurations. (b) Projection of the
raw HS field configurations onto the plane of the two leading
principal components. Data points are color-coded by the
value of the onsite repulsion U (bar at far right). For small U
(i.e. in the paramagnetic phase), the pairs are localized near
(0, 0). For larger U (i.e. in the AF phase), the pairs spread out
around the origin. (c) The quantified first leading component
as a function of U . The dashed line, corresponding to the
steepest transition, indicates the QCP at Uc ≈ 4.1. (d) The
weight vector corresponding to the first leading component,
which shows a clear AF pattern.

IV.

exhibited in Fig. 2c. dh | p1 | i/dU is maximal at U ≈ 4.1,
providing a rough estimate of the location of the QCP,
which is reasonably close to the critical value obtained
by conventional methods, Uc ≈ 3.8517 . However, the
evolution of h | p1 | i is quite gradual. The estimation of
Uc will likely be improved with the analysis of different
lattice sizes9 , however it appears the determination of
the QCP is less accurate using the PCA than from
conventional scaling methods on lattices of the same size.
As was the case with the PAM, examination of the
eigenvector (Fig. 2d reveals a staggered pattern which
indicated the ordering is AF.

RESULTS: AF-PM TRANSITION ON A
HONEYCOMB LATTICE

We next investigate the Hubbard Hamiltonian,
X

H = −t
d†iσ djσ + d†jσ diσ
<i,j>σ

+U

X
i

ndi↑ −

1
1 d
ni↓ −
,
2
2

(3)

on a honeycomb lattice. Unlike the square lattice, in this
geometry it is required a critical value of Uc in order to
obtain an AF ground state at half filling16,17 . A metalinsulator transition also occurs at Uc , in contrast with
PAM, where both AF and singlet phases are insulators.
Here we examine the use of the PCA to discern the
finite Uc required to induce AF order. We performed
simulations on a 12 × 12 lattice at β = 20, and
providing 1000 independent configurations for each value
of U . In Fig. 2a we observe, as for the PAM, a
single dominant relative variance. The pairs of the two
largest components are shown in Fig. 2b, and provides
information about the QCP: A group of points centered
around the origin for small U spreads out rapidly for
large U . The estimation of the QCP is provided by the
quantified first leading component as a function of U ,

RESULTS: LIEB LATTICE AT 1/3 FILLING

As a final illustration of magnetic transitions we study
here the repulsive Hubbard Hamiltonian on the “Lieb
lattice”. In contrast to the two previous cases, here
we consider a transition away from half-filling. The
Lieb lattice describes a three band model formed by
an underlying square lattice which is then decorated
with additional sites on each bond. The Lieb lattice is
bipartite, but has a different number of sites on the two
sublattices. An interesting feature of this geometry is
the presence of a perfectly flat energy band, sandwiched
between two dispersing bands, in the noninteracting
limit, which can lead to ferromagnetism in the interacting
case at half filling35 .
In a seminal paper, Lieb showed that the Hubbard
model on this lattice at half filling is required to exhibit
long range ferrimagnetic order in its ground state36 .
The spin order in similar geometries has been further
explored in Refs. 37–41. In addition to these rigorous
results, the Lieb lattice is of further interest as a more
faithful representation of the CuO2 sheets of cuprate
superconductors than is provided by the single band
Hubbard model. In this three band case, the repulsion
U is typically chosen to take different values on the
square lattice and bridging sites. The implications
of inhomogeneous U for ferrimagnetism were recently
explored in Ref. 42.
Lieb’s theorem is of limited direct interest for cuprate
superconductivity since it describes a filling of the lattice
n = 3 holes per CuO2 unit cell, far from that actually
present in these materials n = 1 + δ holes per unit
cell. Although there are no rigorous theorems available
for the nature of the spin order away from half filling,
previous results provide evidence of antiferromagnetic
correlations for one hole per unit cell, which are strongly
suppressed for small doping δ 43–45 . The investigation of
other phases, such as superconductivity for small doping,
remains a challenge.
Here we apply PCA to investigate the enhacement of
antiferromagnetic correlations for Hubbard model in the
Lieb lattice at fillings around one hole per unit cell (or
ρ = 1/3). One should notice that away from half filling
the measurements of physical quantities by DQMC are
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FIG. 3. PCA results for the Lieb lattice Hubbard model, with the lattice size N = 10 × 10, the inverse temperature β/t = 20.
(a) Relative variances λ̃n obtained from the raw HS field configurations. (b)-(d) Projection of the raw HS field configurations
onto the plane of the two leading principal components. Data points are color-coded by the value of the onsite density ρ (bar at
far right). (e) The quantified first leading component as a function of ρ. The dashed line, showing the abrupt peak, indicates
the QCP at ρc ≈ 0.337, (f) The weight vector corresponding to the first leading component. Red dots represent (copper)
d-sites, while blue dots correspond to (oxygen) p-sites.

strongly affected by the sign problem, see e.g. Ref. 46.
Since the PCA procedure can be provided with HS fields
without the necessity of dividing by the average sign, it
can be undertaken even when the average sign is small.
It shoul dbe noted, however, that even in this case the
HS fields are generated with the absolute value of the
determinants, and it remains an open question how much
this will bias the physics. We return to this point in the
conclusions.
The Hubbard Hamiltonian on the Lieb lattice is
X

H = − tpd
d†rσ pxrσ + d†rσ pyrσ + h.c.
rσ

− tpd

X


d†rσ pxr−x̂ σ + d†rσ pyr−ŷ σ + h.c.

rσ

+

X


Uα

rα

−µ

X

nα
rσ

nα
r↑

1
−
2



nα
r↓

1
−
2



(4)

λ̃n for different components n are displayed in Fig. 3a.
Although the sub-dominant values are more prominent
than in the PAM and Hubbard model cases, λ1 is still
more than twice λ2 . The projection of the two largest
components, is presented in Figs. 3b-d, for (b) ρ < 1/3,
(c) ρ ∼ 1/3 and (d) ρ > 1/3. Notice that for ρ < 1/3 and
ρ > 1/3 the data points form a small cluster around
the origin, whereas for ρ ∼ 1/3 they are spread out,
suggesting a disorder-order-disorder transition when ρ
varies. Figure 3e exhibits the quantified first leading
component as a function of ρ, where a sharp increase
in h|p1 |i occuring at ρ = 1/3. A direct comparison can
be made between the h|p1 |i and the AF structure factor
of d-sites, which provides evidence of an AF ground state
at ρ = 1/3, in line with the conventional analysis43–45 .
Figure. 3f, the leading eigenvector, emphasizes that
the magnetic order is on the ‘copper’ sites of the square
sublattice, while the ‘oxygen’ bridging sites have nearly
zero components.

rασ

with tpd being the inter- and intra-cell hopping between
d and pα (α = x or y) orbitals. We define tpd as unity.
We investigate the inhomogeneous on-site repulsion case,
with Up = 0 and Ud = 4. For this choice of Uα , the
particle-hole symmetric form of the interaction energy in
Eq. (4) leads to a difference of on-site energies ∆εdp =
2, which is close to the difference of on-site energies of
oxygen and copper orbitals in cuprates.
We performed simulations on a 10 × 10 lattice (i.e.
300 sites) at β = 20, and providing 1000 independent
configurations for each value of ρ. The relative variance

VI.

RESULTS: SUPERCONDUCTIVITY IN
ATTRACTIVE HUBBARD MODEL

The previous Sections have described the ability of
PCA to learn about the nature of spin order at T =
0 as energy scales in the Hamiltonian or density are
varied. We now turn our attention to examine the finite
temperature transition in the attractive Hubbard model.
At half-filling, and on a bipartite lattice, a particlehole transformation (PHT) on the Hubbard Hamiltonian
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maps the attractive to the repulsive cases, so that the
existence of AF order at T = 0 in the latter implies the
presence of simultaneous CDW (the analog of AF in the
z direction) and SC order (the analog of AF order in the
xy plane) in the former47 . The results of Sec. IV that
PCA can capture the SC-CDW transition in the ground
state of the half-filled attractive Hubbard model on a
honeycomb lattice. Away from half-filling it is known
from the PHT, which maps the model to the repulsive
model in an external Zeeman field, that there is a finite
temperature Kosterlitz-Thouless (KT) transition47 to a
purely SC state. at ρ = 0.80 on a square lattice one
obtains Tc ≈ 0.1348 .
Previous work on the classical XY model9 suggests
PCA can capture aspects of the KT transition. We now
use the method to investigate a quantum Hamiltonian.
We examine Eq. (3) on a 16 × 16 square lattice with
U = −4 and ρ = 0.80, for several values of temperatures,
providing 4000 independent configurations for each
temperature to our PCA procedure.
The text below will be modified as we include a new
figure showing the behavior with fixed L and varying
∆τ and using the complete HS field to sweep throught
Tc . However, finite temperature transitions are subtle;
varying T changes the number of imaginary time slices,
and, ultimately, the number of HS fields. This does not
allow us to use PCA. Such hindrance is overcomed by
taking HS fields of only one time slice, instead of all
time dependent fields. Notice that it does not affect
our analysis, since the SC state is characterized by
static quantities. Nevertheless, our results of HS fields
for the attractive Hubbard model are inconclusive (not
shown), with the data points of the projection of the two
largest components forming a single blob in origin, for
all temperatures. We also did not observe any relevant
variation in the quantified first leading component as a
function of β. It suggests that the HS fields are intimately
related to spin order, as observed in the previous cases,
but absent is this one.
Having seen inconclusive results when providing the
PCA with the HS field configurations, we follow recent
work11 and employ the equal-time Green’s functions,
Gij . In contrast to Fig. 4a, the relative variances
now exhibit a single dominant component, as seen in
Fig. 5a. Furthermore, Fig. 5b, data for the two largest
components distinguish high and low temperatures. The
quantified first leading component increases in magnitude
as β increases (Fig. 5c, showing a very similar behavior
to the kinetic energy (KE) of the system, exhibited in
Fig. 5d. This conection is not surprising, since Gij is
closely related to the mobility of the electrons in the
system, so that the PCA discerns different regimes when
using Gij . However, the method does not capture the SC
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FIG. 4. An additional figure will show what happens with
HS input to PCA, both on all space-time points and just one
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FIG. 5. PCA results for the attractive Hubbard model with
lattice size N = 16 × 16, onsite repulsion U = −4 and density
ρ = 0.8. (a) Relative variances λ̃n obtained from the raw
Green functions. (b) Projection of the raw Green functions
onto the plane of the two leading principal components. The
color bar indicates the inverse temperature β in units of t. (c)
The quantified first leading component as a function of β. (d)
The kinetic energy (KE) as a function of β.

phase transition in the attractive Hubbard model, in the
sence of showing a definitive signal near βc = 1/Tc ∼ 7. A
similar smooth evolution of the kinetic energy (“effective
hopping”) is seen in the half-filled repulsive Hubbard
model as U is increased49 .
As a final attempt to use the PCA to observe the SC
transition in the attractive Hubbard model, we use the
equal-time pair-pair correlation functions,
Γij = hd†i↑ d†i↓ dj↓ dj↑ + H.c.i.

(5)

Figure 6a displays the relative variances of the principal
components, whereas Fig. 6b exhibits the projection of
the two largest components. The former presents a
single dominant component, while the later shows two
different behaviors to low and high temperatures. As
before, we analyse the quantified first leading component
h|p1 |i as a function of β which behaves in a similar way
as the uniform Fourier transformation of the pair-pair
correlation functions, Ps Fig. 6c). The pair correlatiojn
functions therefore seem to allow the PCA to provide the
most promising signal of the SC phase transition around
βc = 6, in very rough agreement with the known critical
temperature βc ≈ 7.548 . The conventional approaches
which yield this value involve a demanding process of
data collapses of Ps , a level of analysis which this initial
PCA study here cannot attempt, since data on only a
single lattice size is studied.
Unlike previous models where the ordering vector is
(π, π), the pairing amplitude is uniform in the attractive
Hubbard model.
This is reflected in the lack of
oscillations in the principal eigenvector, Fig. 6d.
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As eariler, the sum over hiji is over near neighbor sites
on a two-dimensional square lattice. P̂ and X̂ are
respectively the momentum and displacement operators
of HOs with frequency ω0 and mass m = 1. The
electron-phonon coupling is λ which, when integrated
out, neglecting the P̂ 2 terms leads to a dimensionless
λ2
coupling, λD = 2tω
2.
0

Because the Holstein Hamiltonian is already quadratic
in the fermion operators, they can be integrated out
without the introduction of a HS field. The partition
function then involves an integration over the phonon
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Finally, we study the finite temperature CDW
transition in the Holstein model50 , one of the simplest
tight-binding models of the electron-phonon interaction
(EPI). The Holstein model describes independent
(i.e. dispersionless) quantum harmonic oscillators (HO)
interacting locally with the electron density,
X
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FIG. 6. PCA results for the attractive Hubbard model with
the lattice size N = 16 × 16, the onsite repulsion U = 4 and
the density ρ = 0.8. (a) Relative variances λ̃n obtained from
the raw pair pair correlation function. (b) Projection of the
raw pair pair correlation function onto the plane of the two
leading principal components. The color bar indicates the
inverse temperature β in the unit of t. (c) The quantified
first leading component as a function of β. The dashed line,
corresponding to the steepest transition, indicates the QCP
at βc ≈ 6.0. (d) The weight vector corresponding to the first
leading component.
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FIG. 7.
PCA results for the half-filled 10 × 10 Holstein
model for λD = ω0 = 1. (a) Relative variances λ̃n obtained
from the raw phonon field configurations. There is a single
dominant relative variance. (b) Projection of the raw phonon
field configurations onto the plane of the two leading principal
components. The color bar indicates the inverse temperature
β in the unit of t. For small β (high T ), the pairs evolve
with the usual topologies: from a single grouping centered at
(0, 0) at small β (high T ) two a pair of grouping at larger
β (low T ). This difference of the projection distribution
from Figs. 1-3 is associated with the fact that a discrete
lattice symmetry is being broken rather than a continuous
spin symmetry. (c) The quantified first leading component as
a function of β. Similarly, the dashed line indicates the QCP
(separating the two topologies) βc ≈ 5.5 which is close to
values obtained by conventional approaches. (d) The weight
vector corresponding to the first leading component, which
shows a clear AF pattern.

derees of freedom,


Z
 2
Z = d{xi,l }e−∆τ SB det I + B1 B2 · · · BL ,

(7)

R
with
d{xi,l } being the integral over the set of
continuous variables xi,l and
SB =


2

N X
L 
X
mω02 2
1 xi,l − xi,l+1
+
xi,l
2m
∆τ
2
i=1

(8)

l=1

the phonon action. Because the phonons couple to
the charge, symmetrically for the spin up and spin
down species, gσ is the same for σ =↑, ↓ and the two
determinants are identical. Their product is always
positive and there is no sign problem for any filling
(as is also the case for the attractive Hubbard model).
The phonon fields {xi,l } are sampled by standard Monte
Carlo. The phonon degrees of freedom have their own
intrinsic dynamics determined by SB and can have long
autocorrelation times at large values of λD .
We used PCA to analyze the Holstein model at half
filling on a 10×10 square lattice. The PCA matrix

8
was constructed from the phonon fields {xi,l }, for
a single fixed imaginary time slice l, providing 1000
independent configurations for each temperature. Figure
7a displays the relative variances, which exhibits a
single dominant component, suggesting the existence of
a dominant phonon displacement (or a charge) pattern.
The projection of the first two principal components
(Fig. 7b) has data points (blue symbols) centered at the
origin and high T , and split into two different clusters
(red symbols) at low T . This splitting provides evidence
of a phase transition for a critical Tc .
In addition to the changes in the scatter plots of Fig. 7b
with temperature, we also analyse the quantified first
leading component. Figure 7c displays the behavior of
h|p1 |i as a function of β. A sharp increase is evident for
inverse temperature in the range 4.5 . β . 6.5. Taking
the midpoint of this range suggests a PCA estimation
for the critical temperature is βc ≈ 5.5. Although
previous DQMC results provide evidence of βc = 851
or 1152 , a recent, more accurate, analysis determined
βc = 6.1±0.153 , in good agreement with the PCA results.
VIII.

CONCLUSIONS

This paper has extended prior work9 in which an
unsupervised learning approach based on the PCA was
applied to a variety of classical models of magnetism
to itinerant quantum Hamiltonians in two dimensions.
The magnetic phase transitions in the Hubbard model
on a honeycomb lattice, the periodic Anderson model,
and the one sixth filled Lieb lattice can all be observed
via the evolution of the principal components, even
though the transitions are tuned in quite different
ways- via interaction strength, hybridization, and density
respectively.
The similarities extend to the finite temperature
Kosterlitz-Thouless transition in the 2D attractive
Hubbard Hamiltonian, which, like its classical XY
counterpart, proves less amenable to analysis.
In
contrast, the finite temperature CDW transition in the
half-filled 2D Holstein is well captured by the PCA,
presumably because the broken symmetry is discrete.
These similarities may be somewhat surprising
because, unlike the situation where PCA is used for
short range spin models, the effective classical degrees
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